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Abstract

In this paper, I analyze a network game in the local-average setup where a player’s pay-

off depends on his social distance to the social norm he confronts. It focuses on a social

planner’s optimal targeting interventions that change individual characteristics and/or net-

work structure. I explore these intervention problems in various contexts depending on the

objectives and constraints of the planner. First, I discuss the characteristic interventions

with utilitarian and/or egalitarian planners. Then, I study the relative intervention problem

in which a planner maximizes the ratio of the equilibrium social welfare over its first-best

value subject to a quadratic budget constraint. In what follows, I turn to the structural

intervention problem, where a social planner can design a network to maximize the social

welfare subject to the unanimous approval constraints of players. I give a negative result

that there exists no socially optimal and unanimously approved network if preferences are

heterogeneous across players. Finally, I give a numerical algorithm to search for a socially

optimal network among the entire network class in a extremely conformist society.

Keywords: Social norms, local-average model, characteristic intervention, structural in-

tervention, conformism, individualism

1 Introduction

Network effects are ubiquitous in numerous facets of daily lives, ranging from the bandwagon psy-

chology of consumers to the pandemic of an infectious disease, from the shaping of public opinions

via word-of-mouth communication to financial contagions in a network of cross-collateralization.

The past two decades have witnessed an explosive growth of research on network games, whereby
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individuals are embedded in a social network and each one’s payoff is affected by the behaviors

of his peers. It focuses on how network structure influences individual behaviors, and provides

predictions on network-specific equilibria. While traditional literature takes both the network

structure and individual attributes as given, a recent branch of the network literature diverts

its attention to a new problem of network intervention. It assumes that a social planner with

certain objective can conduct ex-ante interventions by changing the individual characteristics

from their status-quo levels (characteristic intervention), and/or restructure the present network

(structural intervention), subject to certain constraints. The main goal of these problems is to

understand how the planner can optimally intervene in view of primitives of the environment.

Examples of network interventions abound in both business practices and public policies.

Sellers often foster the consumers’ preferences by a “seeding” strategy. That is, they first

sent advertisements and/or free samples to a few fashion leaders, then tipping a contagion

of purchases as neighbors of these seeded individuals mimic them. In many instances, local

governments adopt various network restructuring policies to increase the value of a community.

For the purpose of improving economic development, attracting investment, and lowering crime

rates, some policy makers advocate a gentrification process, which changes the composition of

a neighborhood through the influx of more affluent and well-educated residents. The moving to

opportunity (MTO) experiment sponsored by the U.S. government in 1990s relocated families

from high- to low-poverty neighborhoods. It proved to be an effective tool in breaking delinquent

networks and thus reducing local crime.

The existing literature on network interventions focuses mainly on the local-aggregate model,

in which an individual’s utility is affected by the sum of activities taken by his neighbors. De-

spite its clear intuitions in theoretical analysis, the local-aggregate model fails to be empirically

applicable. The standard model adopted by empirical studies usually takes the linear-in-means

form

xig = βzig + γyg + θx̄ig + ϵig, (1)

where xig is the action taken by individual i belonging to group g, zig denotes the individual-

specific characteristics, yg is the common element within group g. Ng is the number of individuals

within group g, x̄ig ≡ 1
Ng−1

∑
j ̸=i xjg is the social norm confronted by individual i (average

activity of agents other than i), ϵig denotes a noisy term, (β, γ, θ) are parameters to be estimated.

Blume et al. (2015) and Boucher and Fortin (2016) interpret (1) as player i’s best-response

function in a complete information game. Its corresponding payoff function, however, is not of

the local-aggregate form well-studied by theoretical literature, but rather of the local-average
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form. That is, individuals have a preference to conform to the average action of their neighbors in

a social network. This paper aims to reconcile the theoretical research on network interventions

and econometric studies on model identifications. It contributes to the existing literature in the

following aspects.

First, I embed network interventions into a local-average model featuring individual taste

for conformity. Conformism is a doctrine of mean advocating that the easiest and hence best

life is attained by blending in with one’s surroundings and refraining from any eccentric or out-

of-the-ordinary behavior. It may be best expressed in the old saying, “When in Rome, do as the

Romans do.” The network intervention problems with local-average model is in sharp contrast

to those in the traditional local-aggregate scenario. The seminal paper by Galeotti et al. (2020)

shows that as the budget increases, the optimal intervention is progressively similar to the first

or the lowest principal component depending on whether the game features strategic substitutes

or complements. These principal components reflect either global or local network structures.

In the local-average model, however, I find that for very large budget, the optimal intervention

is approximately equal across individuals regardless of the network structure. The intuition is

simple. Since everyone dislikes her social distance away from her reference group, a utilitarian

planner will allocate progressively equal portion of resources across individuals to eliminate their

ex-ante disparities if budget permits.

Second, I study richer forms of network interventions. In previous researches, the planner are

traditionally assumed to be a utilitarian welfare maximizer. In this paper, the planner possesses

more diverse objectives. She aims at increasing the social welfare or decreasing the social variance

depending on whether she is utilitarian or egalitarian. While previous researches pay their

attention to the absolute value of social welfare, this paper also explores the relative intervention

problem, whereby a planner aims to maximize the ratio of social welfare in equilibrium to its

first-best counterpart. With local-aggregate payoffs, the first-best social welfare is usually not

achievable in Nash equilibrium. So the welfare rate is strictly smaller than 100%, no matter how

the planner may choose to intervene in it. Things are different in our local-average model. The

planner can eliminate all individual heterogeneities by assigning all players the same preference.

Then, players choose the same action in equilibrium, which leads to a zero social distance for

everyone. This amount to a non-game theoretic problem free of any strategic interaction. The

social welfare in equilibrium hence coincides with its first-best value.

Finally, this paper incorporates structural intervention into the traditional characteristic in-

tervention framework, and considers the individuals’ attitude towards a restructured network.
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While some papers study the characteristic and structural interventions separately, I incorporate

them in a unified framework. In this paper, the planner can adjust the individual preferences

and design an optimal network simultaneously. An exception of previous studies is Kor and

Zhou (2022), who also consider a joint intervention problem. These authors assume that the

planner pays a quadratic cost in form of Frobenius norm when restructuring the original network.

My paper, however, assumes that there is no physical cost of structural intervention. This as-

sumption comes from the consideration that social networks, with the advent of the information

era, are often made of logical rather than physical links. Advanced cyber technology facilitates

network building, and thus allows the planner to save concrete infrastructure cost. But the in-

dividuals’ attitudes towards a restructured network are nonnegligible. Anyone retains the right

of voting for his/her most preferred network, at least of voting against a harmful network. The

planner must abide by restrictions other than budget constraints when conducting structural

intervention. This paper considers the optimal network design problem under these constraints.

Once again, a significant difference in structural intervention separates our local-average model

from the standard local-aggregate model. If there is no restructuring cost and the network game

features strategic complements, a denser network is beneficial to everyone. So the planner need

not consider the boycotting of voters when densifying a network. Obviously, the complete (dens-

est) network is both socially optimal and unanimously approved. In our local-average scenario,

however, any network structure alteration will inevitably affect the social distances faced by all

players. Their attitudes towards a new network are therefore more diverse and complex, which

deserves an in-depth discussion.

Related literature. This paper is related to three bodies of work. One deals with the network-

based targeting problem, which investigates how the player provides personalized policies to

players depending on their network positions. These personalized operations take different

forms in specific contexts. Candogan et al. (2012), Bloch and Quérou (2013), Fainmesser

and Galeotti (2016), Chen et al. (2018, 2022), and Meng et al. (2022), among many others,

discuss the network-based price discrimination, in which players are charged discriminatory

prices depending on their centrality in the network. In Galeotti and Goyal (2009), the targeting

operation appears as advertising or free sampling strategy. Bimpikis et al. (2016) considers

competitive targeting through advertising and the spreading of information, Liu (2019) studies

targeting in terms of industrial policies in production networks, while King et al. (2019) make

use of sectoral targeting to obtain efficient carbon tax reforms. More recently, several papers

examine characteristic intervention as a new form of targeting operation, which are closely
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related to our paper. Demange (2017) considers a targeting characteristic intervention problem

based directly on a given reaction function. He shows that the optimal intervention policies

rely crucially on whether this reaction function is linear, concave or convex. Galeotti et al.

(2020) studies a similar problem based on a local-aggregate payoff function. They decomposes

the optimal intervention into orthogonal principal components of a network and shows that it is

approximately simple for large budget. Meng et al.(2022) embeds the characteristic intervention

problem into a mechanism design framework. They discuss how a profit-maximizing seller can

intervene to change the distribution of individual types subject to a fixed budget constraint.

Kor and Zhou (2023) extend the single-activity characteristic intervention model to the case of

multiple activities.

My paper is also related to a body of literature on structural network intervention (the

optimal network design), which refers to a planner’s purposeful operations on a network to

affect the behaviors of players and thus achieve certain desirable outcomes. Valente (2012)

presents four types of structural operations: (i) individual intervention, which identifies key

nodes of a network on the basis of certain centrality measures; (ii) segmentation intervention,

which identifies key groups of players; (iii) induction interventions, in which an initial set of

players are selected as “seeds”, then cascades in information/behavioral diffusion are created;

and (iv) alteration interventions that restructures a network by adding/deleting nodes and/or

edges. Ballester et al. (2006), Ballester et al. (2010), Golub and Lever (2010), Zhou and Chen

(2015), and Meng et al. (2022) focus on identifying the key players, key groups and/or key links.

Hiller (2017), König et al. (2014) and Belhaj et al. (2016) address the efficient-network-searching

problems of a planner in games featuring local complementarities and costly links. They show

that for general cost functions, efficient networks belong to the class of nested split graphs.

Li (2021) extends these results from simple to weighted and directed networks by showing

that the optimal networks belong to the class of generalized nested split graphs. Sciabolazza

et al. (2020) present a network structural intervention to foster scientific collaboration and

productivity at a research university, and provide an experimental evaluation on the impact

of it. Sun et al. (2021), Kor and Zhou (2022) provide a general local-aggregate framework to

evaluate and compare the equilibrium effects of joint intervention that combines both structural

and characteristic interventions.

The last body of literature related to the present paper is local-average (conformist) model

in network games, which includes both theoretical and econometric studies. Patacchini and

Zenou (2012) discuss how conformism and deterrence affect juvenile criminal activities, then
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test the model using a data set of adolescent friendship net. Liu et al. (2014) characterize

Nash equilibrium of a model with peer effects, and give identification conditions for a general

econometric network model that incorporates both local-aggregate and local-average endogenous

peer effects. Blume et al. (2015) discuss the identification conditions in linear social interactions

models with incomplete information. Boucher (2016) embed the local-average model into a

network formation framework by exploring a model with both peer effects and self-selection. He

also estimates the model using student-level data on participation in high school extracurricular

activities. By a dynamic local-average model where every player wants to be assimilated to

the majority norm, Olcina et al. (2017) show that the individual norms always converges

to a steady state and the speed of convergence depends on both the network structure and

the individual tastes for conformity. More recently, Golub and Morris (2020) characterize the

convention equilibrium of a coordination game when players possess heterogeneous higher-order

beliefs about the expectations of others. Ushchev and Zenou (2020) analyze the comparative

statics properties of the local-average model as well as its welfare and policy implications.

The rest of the paper is organized as follows. Section 2 presents the baseline model. Section

3 explores the characteristic interventions. Section 4 discusses a unified framework incorporating

both characteristic and structural interventions. Section 5 concludes.

2 The baseline model

Consider n > 2 agents who are embedded in a social network g ≡ ⟨I, E⟩, where I ≡ {1, · · · , n}

denotes the set of vertexes, E is the set of edges. An irreducible adjacency matrix G = [gij ]

keeps track of the direct connections. By convention, we assume gij = gji = 1 if agents i and j

are adjacent; and gij = 0 otherwise. Self-loops are not allowed, i.e., gii = 0, ∀i ∈ I. Agent i’s

utility function takes a standard linear-quadratic form:

ui(αi, θ,x,g) = αixi −
1

2
x2i −

θ

2
(xi − xi)

2, (2)

where αi ∈ R stands for agent i’s preference, xi ∈ R denotes the quality of goods he consumes,

let ααα ≡ (αi)i∈I and x ≡ (xi)i∈I .
1 xi ≡

∑n
j=1 ĝijxj is the social norm confronted by agent i,

namely, the average consumption within her neighborhood, where ĝij ≡ gij/di, di ≡
∑n

j=1 gij

1Here, we extend the well-known model of Mussa and Rosen (1978) by allowing αi and xi to be either positive

or negative. It means that certain quality is not desired by everybody. Quality sold at the same price are ranked

from top to bottom by consumers with positive αi and in the reverse order by those with negative αi. The sign

of xi stands for the direction in which certain quality is intensified. Say, nutrition versus taste of food, stickiness

versus informativeness of social networking service.
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denotes the degree (number of neighbours) of a node i. θ > 0 stands for an agent’s taste for

conformity. The first two terms αixi − x2i /2 represent the stand-alone utility obtained from

one’s own consumption when there is no interaction with others. The third term −θ(xi−xi)2/2

captures the peer-group pressure faced by agent i, who suffers a loss from failing to conform to

the social norm around him. We represent by

W (θ,ααα,x,g) ≡
n∑
i=1

ui(θ, αi,x,g) = ααα⊤x− 1

2
x⊤Hααα

the aggregate social welfare, and by

V (x,g) ≡
n∑
i=1

(xi − x)2 = x⊤Qx

the social variance measuring the dispersion of individual consumptions, where H ≡ I + θ(I −

Ĝ)⊤(I − Ĝ), Ĝ ≡ [ĝij ] is the row-normalized adjacency matrix, x ≡ 1
n

∑n
i=1 xi denotes the

global average of consumptions, Q ≡ I− 1
n11

⊤ denotes the projection matrix onto the subspace

orthogonal to the all-ones vector 1 ≡ (1, · · · , 1)⊤. Consumers in a society with larger V (x,g)

are more diverse in their quality choices.

As a benchmark, we first consider the socially optimal outcomes. The social welfare-

maximizing consumption is

xFB(θ,ααα,g) = H−1ααα = arg max
x∈Rn

W (θ,ααα,x,g).

Representing the first-best social welfare as functions of the network g and primitives (θ,ααα), we

get:

WFB(θ,ααα,g) ≡W (ααα, θ,xFB,g) =
1

2
ααα⊤H−1ααα. (3)

In a game-theoretic framework, each individual i chooses xi to maximize his own utility taking

the network structure g and the choices of other agents x−i ≡ (xj)j ̸=i as given. By computing

the first-order condition with respect to xi, we obtain the best-reply function for each i: xi =

(1−λ)αi+λxi, where λ ≡ θ/(1+ θ) ∈ [0, 1). In matrix form, we get x = (1−λ)ααα+λĜx, which

guarantees a unique interior Nash equilibrium

xN (λ,ααα,g) = M̂ααα, (4)

with M̂ ≡ (1− λ)(I− λĜ)−1. The associated equilibrium payoff is

uNi (λ,ααα,G) =
1

2

α2
i −

1

λ

αi − n∑
j=1

m̂ijαj

2 , (5)
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where m̂ij is the (i, j)−entry of matrix M̂. The social welfare and variance in Nash equilibrium

are

WN (λ,ααα,g) ≡W (ααα, θ,xN ,g) =
1

2
ααα⊤Wααα

and

VN (λ,ααα,g) ≡ V (xN ,g) = ααα⊤Vααα,

where W ≡ I− 1
λ(I−M̂)⊤(I−M̂),V ≡ M̂

⊤
QM̂. We assume throughout this paper that matrix

W is nonsingular.

3 Characteristic intervention

A planner aiming at optimizing her own objective at equilibrium can intervene to adjust the

vector of preferences ααα, or to restructure the network g at an ex ante stage. Following the

planner’s choice of her interventions, all individuals choose their consumptions simultaneously,

a Nash equilibrium is then fulfilled. In this section we discuss the optimal interventions on

individual characters ααα in various environments.

Problems of interest are to study the bounds of social welfare attained by the planner when

she controls the social variance at a fixed level; or in duality, the possible bounds of social

variance under a fixed level of social welfare. The specific forms of network intervention problem

vary with the planner’s underlying philosophy regarding the social welfare and social variance.

Say, if she is both utilitarian and egalitarian, she avoids enlarging the social variance while

maximizing the social welfare; she also tries to minimize the social variance while pegging the

social welfare at a fixed level. The optimal intervention problems under unitary social variance

and unitary social welfare are represented, respectively, as:

[Pw|v
max/P

w|v
min] : max /min

ααα∈Rn

W
N (λ,ααα,g), s.t. : VN (λ,ααα,g) = 1, (6)

and

[Pv|w
max/P

v|w
min] : max /min

ααα∈Rn

V
N (λ,ααα,g), s.t. :WN (λ,ααα,g) = 1. (7)

We denote by (ααα
j|k
i ,Π

j|k
i ) the optimal solution and value pair to problem [Pj|k

i ], for all (i, j, k) ∈

{min,max} × {w, v} × {w, v}.

Proposition 1 Keeping the social variance at a unitary level, the planner can intervene to

achieve:
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• an infinite upper bound of social welfare Π
w|v
max = ∞ at ααα

w|v
max satisfying

Proj1⊥ααα
w|v
max ∈ G (λ1(ΣΣΣ−n,−n),W,V),

∥∥∥Proj1αααw|vmax

∥∥∥ = ∞,

where 1⊥ denotes the orthogonal complement space of 1, G (λ,A,B) ≡ {x|Ax = λBx}

denotes the λ−generalized eigenspace of matrix A relative to B, λi(·) denotes the ith

largest eigenvalue of a matrix, ΣΣΣ−n,−n ≡ (V̂−n)
− 1

2 (U−n)
⊤WU−n(V̂−n)

− 1
2 , νi ≡ λi(V),

V̂−n ≡ diag{ν1, · · · , νn−1}, U−n ≡ (u·i)i̸=n, u·i denotes the orthonormal eigenvector of V

associated with νi;
2

• a lower bound Π
w|v
min = λn−1(ΣΣΣ−n,−n) ∈ [λ, λ] at ααα

w|v
min ∈ G (λn−1(ΣΣΣ−n,−n),W,V),3 where

λ =


λn(W)
λ1(V) if λn(W) > 0

λn(W)
λn−1(V) if λn(W) < 0

, λ =


λ2(W)
λ1(V) if λ2(W) > 0

λ2(W)
λn−1(V) if λ2(W) < 0

.

Proof. See appendix A.

From any point ααα satisfying ααα⊤Vααα = 1, the objective function ααα⊤Wααα increases along the

direction of 1, i.e., (ααα + a1)⊤W(ααα + a1) = ααα⊤Wααα + 2a1⊤ααα + na2 > ααα⊤Wααα for an a with

sufficiently large magnitude. While the constraint remains unchanged in the same direction

since (ααα + a1)⊤V(ααα + a1) = 1,∀a ∈ R. It is clear that an unboundedly large value Π
w|v
max is

attained at a = ∞, while Π
w|v
min is attained at a = ᾱ ≡ − 1

n1
⊤ααα, and hence ααα+a1 =

(
I− 1

n11
⊤)ααα.

Figure 4 provides geometric illustrations of the above results for the case of n = 3. ααα⊤Vααα = 1

represents an elliptic cylindrical shell whose axis lies in 1. ααα⊤Wααα = C represent either an

ellipsoid or a hyperboloid, depending on the signs of constant C and eigenvalues λi(W), i = 2, 3.4

An infinitely large value Π
w|v
max = ∞ can be achieved at an extremely remote ααα

w|v
max on the elliptic

cylindrical shell. The projection of ααα
w|v
max onto the orthogonal complement space of 1 lies in

the steepest ascending direction, that is, the first generalized eigenspace of W to V. Figures

1(a), 2(a) and 3(a) depict cross-sections of surfaces ααα⊤Vααα = 1 and ααα⊤Wααα = Π
w|v
max for different

eigenvalues λi(W), i = 2, 3, when the cutting plane is perpendicular to 1, where u·i (resp. p·i)

denotes the ith principal components of matrix V (resp. W).

2Notice that eigenvector u·j is not unique when the associated eigenvalue νi has a multiplicity ex-

ceeding one. Nevertheless, it follows from the uniqueness of the spectral decomposition in matrix

theory that U−n(V̂−n)
−1(U−n)

⊤ does not vary with the choice of U−n and hence λi(ΣΣΣ−n,−n) =

λi(U−n(V̂−n)
−1(U−n)

⊤W),∀i ∈ {1, · · · , n− 1} is irrelevant to this choice.
3A point deserving comment is that λn−1(ΣΣΣ−n,−n) is not necessarily λn(ΣΣΣ), since the comparison between

λn−1(ΣΣΣ−n,−n) and 1 is ambiguous: if λn−1(ΣΣΣ−n,−n) < 1, λn−1(ΣΣΣ−n,−n) = λn(ΣΣΣ); if λn−1(ΣΣΣ−n,−n) > 1,

λn−1(ΣΣΣ−n,−n) > λn(ΣΣΣ) = 1.
4Notice that λ1(W) = 1.
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If λ2(W) > λ3(W) > 0, ααα⊤Wααα = C is a triaxial ellipsoid with its shortest axis lying in 1.

The minimum value Π
w|v
min is obtained when the ellipsoid is inscribed inside the elliptic cylinder.

The minimizer ααα
w|v
min lies within the orthogonal complement space of 1, and is in the direction

of the slowest ascent, i.e., ααα
w|v
min ∈ G (λn−1(ΣΣΣ−n,−n),W,V) (Figure 4(a)). If λ2(W) > 0 >

λ3(W), a minimum value Π
w|v
min < 0 is achieved when the two-sheeted hyperboloid ααα⊤Wααα =

Π
w|v
min is tangent with the elliptic cylindrical shell ααα⊤Vααα = 1 (Figure 4(b)). If 0 > λ2(W) >

λ3(W), a minimum value Π
w|v
min < 0 is achieved when the elliptic cylindrical shell ααα⊤Vααα = 1 is

circumscribed by a one-sheeted hyperboloid ααα⊤Wααα = Π
w|v
min (Figure 4(c)). In these cases, the

minimizer ααα
w|v
min lies within the orthogonal complement space of 1, and is in the direction of the

steepest descent i.e., ααα
w|v
min ∈ G (λn−1(ΣΣΣ−n,−n),W,V). Figures 1(b), 2(b) and 3(b) depict the

associated cross-sections cut by a plane passing through the origin and perpendicular to 1.
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Proposition 2 Keeping the social welfare at a unitary level, the planner can intervene to

achieve the following bounds for social variance:

• if λn(W) > 0, an optimal value Π
v|w
max = λ1(W

−1V) is attained at a vector ααα
v|w
max ∈

G (λ1(W
−1V),V,W); if λn(W) < 0, Π

v|w
max = ∞;

• the lower bound Π
v|w
min = 0 is attained at ααα

v|w
min ∝ 1.
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Proof. See Appendix B.

Figure 5 gives geometric illustrations for the n = 3 case. When λ3(W) > 0, the maximum

value Π
v|w
max = λ1(W

−1V) is achieved when the elliptic cylinder ααα⊤Vααα = Π
v|w
max is circumscribed

around the elliptic shell ααα⊤Wααα = 1 (Figure 5(a)). When λ3(W) < 0, the elliptic cylinder

expands unboundedly on the hyperbolic shell ααα⊤Wααα = 1, so Π
v|w
max = ∞. In both cases, the

minimum value Π
v|w
min = 0 is achieved at ααα

v|w
min ∝ 1, where the elliptic cylinder degenerates to its

axis.
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( ( ), , )

|

(a) λ2(W) > 0, λ3(W) > 0,Π
v|w
max = λ1(W

−1V),Π
v|w
min = 0

p 1

p
p

= 1

=
|
=

|

|

(b) λ2(W) > 0, λ3(W) < 0,Π
v|w
max = ∞,Π

v|w
min = 0

|
1

=
|
=

= 1
|

(c) λ2(W) < 0, λ3(W) < 0,Π
v|w
max = ∞,Π

v|w
min = 0

Figure 5. The optimal solution to [Pv|w
min]/[P

v|w
max]

Corollary 1 For a d−regular network G, we have: (i) if λ2(G) + λn(G) > 0, both ααα
w|v
min and

ααα
v|w
max are within space S (λ2(G),G), Π

w|v
min = ψ(λ2(G)), Π

v|w
max = 1

ψ(λ2(G)) ; (ii) if λ2(G) +

λn(G) < 0, both ααα
w|v
min and ααα

v|w
max are within space S (λn(G),G), Π

w|v
min = ψ(λn(G)), Π

v|w
max =

1
ψ(λn(G)) , where S (λ,A) denotes the λ−eigenspace of matrix A, ψ(x) ≡ d2−λx2

d2(1−λ) .

Proof. See Appendix C.

For a regular network, ααα
w|v
min and ααα

v|w
max coincide with either the second or the least principal

component of G. The magnitudes comparison between the second and the smallest eigenvalues

plays a crucial role in the determination of the optimal interventions. By the Perron-Frobenius
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(a) λ1(G) = 3, λ2(G) = 2.778, λn(G) = −2.489
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(b) λ1(G) = 4, λ2(G) = 0, λn(G) = −2

Figure 6. λ2(G), λn(G) for different networks

Theorem, we have |λi(G)| 6 λ1(G), ∀i ̸= 1 for a connected network. So the comparison between

magnitudes of λ2(G) and λn(G) hinges on the spectral gap λ1(G) − λ2(G), which reflects the

degree of “cohesiveness” of a network. 5 If the spectral gap is sufficiently small, i.e., λ1(G) −

λ2(G) ≈ 0, and G is non-bipartite6, then λ2(G) + λn(G) > 0. If, on the contrary, the network

has a large spectral gap, i.e., λ2(G) ≪ λ1(G), then λ2(G) + λn(G) is more inclined to be

negative.

In Figure 6(a), there is a unique bridge between two isolated communities. λ2(G) turns out

5Consider a network consisting of two identical and isolated components, each has an adjacency matrix G̃.

Then the overall network has an adjacency matrix

G =

 G̃ 0

0 G̃

 .

The first eigenvalue and eigenvector are

λ2(G) = max
∥x1∥2+∥x2∥2=1

x⊤
1 G̃x1 + x⊤

2 G̃x2 and (v∗,v∗) = arg max
∥x1∥2+∥x2∥2=1

x⊤
1 G̃x1 + x⊤

2 G̃x2.

The second largest eigenvalue is

λ2(G) = max
∥y1∥2+∥y2∥2=1,(y1,y2)⊥(v∗,v∗)

y⊤
1 G̃y1 + y⊤

2 G̃y2.

By choosing (y1,y2) = (v∗,−v∗), we have λ2(G) = λ1(G) = 2(v∗)⊤G̃v∗. A network with two identical and

weakly connected communities is akin to the 2-component network G, it thus has a small spectral gap. If G is a

regular graph, then its spectral gap is equal to the second smallest eigenvalue of its Laplacian matrix and known

as algebraic connectivity. Abdi et al. (2021) shows that among all connected 3-regular graphs on n > 10 vertices,

the path-form graph given in Figure 6(a) is the unique one with minimum algebraic connectivity.
6By graph theory, a connected graph G satisfies |λn(G)| = λ1(G) if and only if G is bipartite, |λn(G)| < λ1(G)

for any non-bipartite graph.
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to be almost as large as λ1(G). This yields a small spectral gap and thus λ2(G) + λn(G) > 0.

Figure 6(b) gives a complete tripartite network. This network is highly cohesive in the sense that

there exists an edge between every pair of vertices from different independent groups labelled by

different colors, but there is no inter-group edge. In this network, λ2(G) is considerably smaller

than λ1(G), which leads to a large spectral gap and thus λ2(G) + λn(G) < 0.

The above problems admit no physical cost of intervention. We now assume that the planner

needs to pay a cost of ∥ααα−ααα0∥ when adjusting a vector of status quo preference ααα0 to a vector

ααα. This cost increases in the magnitude of the change and is separable across individuals. An

utilitarian (resp. egalitarian) planner aims at maximizing the social welfare (resp. minimizing

the social variance) subject to a budget constraint:

[Pu] : maxααα∈Rn WN (λ,ααα,g), s.t. : ∥ααα−ααα0∥ 6 C, (8)

[Pe] : minααα∈Rn VN (λ,ααα,g), s.t. : ∥ααα−ααα0∥ 6 C, (9)

where C is a given budget.

Proposition 3 From problem [Pu], we get the following results.

(i) If |ᾱ0| ≡ 1⊤ααα0/n ̸= 0, the maximum value attained is

Wmax =

m∑
i=1

w̃i

µ∗
∥∥∥ProjS (w̃i,W)ααα

0
∥∥∥

µ∗ − w̃i

2

; (10)

the optimal intervention policy ααα∗ satisfies

Cos
⟨
ααα∗ −ααα0,S (w̃i,W)

⟩
=

∥ααα0∥
C

|w̃i|
µ∗ − w̃i

Cos
⟨
ααα0,S (w̃i,W)

⟩
, ∀i ∈ I, (11)

where µ∗ > 1, the shadow price of the budget constraint, is uniquely determined by√√√√√ m∑
i=1

 w̃i
∥∥∥ProjS (w̃i,W)ααα

0
∥∥∥

µ∗ − w̃i

2

= C, (12)

1 = w̃1 > w̃2 > · · · > w̃m are distinct eigenvalues of matrix W, S (w̃i,W) is the

w̃i−eigenspace of W, ProjXx denotes the projection of a vector x onto space X, Cos⟨·, ·⟩

denotes the cosine of angle between a vector and a linear space.

(ii) If |ᾱ0| = 0, and

C 6 C∗ ≡

√√√√√ m∑
i=2

 w̃i
∥∥∥ProjS (w̃i,W)ααα

0
∥∥∥

1− w̃i

2

,

14



the optimal social welfare attained is

Wmax =
m∑
i=2

w̃i

µ∗
∥∥∥ProjS (w̃i,W)ααα

0
∥∥∥

µ∗ − w̃i

2

; (13)

the optimal intervention policy ααα∗ satisfies

Cos
⟨
ααα∗ −ααα0,S (w̃i,W)

⟩
=

∥ααα0∥
C

|w̃i|
µ∗ − w̃i

Cos
⟨
ααα0,S (w̃i,W)

⟩
, ∀i = 1, · · · ,m; (14)

the optimal shadow price µ∗ > 1 is determined by√√√√√ m∑
i=2

 w̃i
∥∥∥ProjS (w̃i,W)ααα

0
∥∥∥

µ∗ − w̃i

2

= C.

(iii) If |ᾱ0| = 0 and C > C∗, the optimal value attained is

Wmax = C2 − (C∗)2 +
m∑
i=2

w̃i


∥∥∥ProjS (w̃i,W)ααα

0
∥∥∥

1− w̃i

2

; (15)

the optimal intervention policy ααα∗ satisfies

Cos
⟨
ααα∗ −ααα0,S (w̃1,W)

⟩
=

√
1−

(
C∗

C

)2

(16)

and

Cos
⟨
ααα∗ −ααα0,S (w̃i,W)

⟩
=

∥ααα0∥
C

|w̃i|
µ∗ − w̃i

Cos
⟨
ααα0,S (w̃i,W)

⟩
, ∀i > 2; (17)

the optimal shadow price is µ∗ = 1.

Proof. See Appendix D.

The cosine similarity between the optimal intervention and the ith eigenspace Cos⟨ααα∗ −

ααα0,S (w̃i,W)⟩ measures the extent to which the principal components associated with w̃i are

represented in the optimal intervention. Expression (11) shows that this hinges on two factors.

The first factor, Cos
⟨
ααα0,S (w̃i,W)

⟩
reflects a status-quo effect: how much the initial condition

influences the optimal intervention for a given budget. The smaller is the angle between ααα0 and

S (w̃i,W), the greater portion of resources are allocated towards the direction of S (w̃i,W).

The second factor γi(C) ≡ |w̃i|/(µ∗ − w̃i) is determined jointly by the network topology (via its

ith eigenvalue w̃i), and the total budget C (via the shadow price µ∗). It increases in C, and the

increasing rate is the greatest for the first principal component. Figure 7(a) provides a graphical

illustration for the case of n = 2 and |ᾱ0| ̸= 0.7 Notice that

γi(C) =
C · Cos

⟨
ααα∗ −ααα0,S (w̃i,W)

⟩
∥ααα0∥Cos ⟨ααα0,S (w̃i,W)⟩

7A two-person connected network G must be 1−regular, with λ1(G) = 1, λ2(G) = −1 and M̂ = (1 − λ)(I −

λG)−1. The least eigenvalue is positive: λ2(W) = ((1− λ)/(1 + λ))2 > 0.

15



at the optimum. So we find: γ1(C1) = |AH|/|OJ | = |AD|/|OA| < γ1(C2) = |AI|/|OJ | =

|AE|/|OA|, γ2(C1) = |FH|/|AJ | = |AB|/|OA| < γ2(C2) = |GI|/|AJ | = |AC|/|OA|, and

∆γ1 ≡ γ1(C2)− γ1(C1) = |DE|/|OA| > |BC|/|OA| = ∆γ2 ≡ γ2(C2)− γ2(C1) for C2 > C1.

This proposition also shows that when the status-quo vector ααα0 is orthogonal to the first

principal component p·1 ∝ 1, there exists a critical level of budget C∗. When the budget is

below C∗, the optimal intervention remains perpendicular to p·1, while it is parallel to p·1 when

the budget exceeds C∗. It means that the planner will leave the direction p·1 unintervened when

her budget is insufficient. When budget permits, however, she will allocate all extra resources in

the direction p·1. This can be illustrated by Figure 7(b). The trajectory of ααα∗(C) is of T−shape.

In what follows, we give limit forms of the optimal interventions in the cases of extremely small

and large budgets.

|| || =

|| || =

2

( )
( 1) ar[ ]

1

= ( )

= ( )

(a) ᾱ0 ̸= 0

 <  !

"

" 2

#$

 =  ! =
||%$||

1 & '(

 >  !

)!* +

(b) ᾱ0 = 0

Figure 7. Trajectory of the optimal solution ααα∗(C)

Corollary 2 (i) The optimal intervention ααα∗ −ααα0 tends to the direction of Wααα0 as the budget

becomes small, i.e., limC→0⟨ααα∗ − ααα0,Wααα0⟩ = 0. (ii) For large budget, it converges to the first

eigenspace, i.e., | limC→∞ cos⟨ααα∗ −ααα0,1⟩| = 1.

Proof. See Appendix E.

This corollary shows that, with a large budget, the welfare-maximizing intervention ααα∗ −ααα0

is approximately simple in the sense that the budget is distributed equally across all individuals.

If the total budget is small, however, the allocation of budget is proportional to the tangent

direction Wααα0, which depends on both the network structure G and the status quo vector ααα0.

To facilitate further analysis, we denote by αααs ≡ ααα0+sign(ᾱ0)C1/
√
n the simple approximation

of the optimal intervention for large budget, and by αααtw ≡ ααα0 + CWααα0/∥Wααα0∥ the tangent

16



approximation for small budget.

The following proposition characterizes solution to the variance-minimization problem [Pe].

Proposition 4 (i) if C <
√

(n− 1)Var(ααα0), then the minimum value attained is

Vmin =

r−1∑
i=1

ν̃i

µ†
∥∥∥ProjS (ν̃i,V)ααα

0
∥∥∥

µ† − ν̃i

2

; (18)

the optimal intervention policy ααα† −ααα0 satisfies

Cos
⟨
ααα† −ααα0,S (ν̃i,V)

⟩
=
ααα0

C

ν̃i
µ† − ν̃i

Cos
⟨
ααα0,S (ν̃i,V)

⟩
, ∀i = 1, · · · , r, (19)

where Var(ααα0) = 1
n−1(ααα

0)⊤Qααα0 denotes the sample variance of vector ααα0, ν̃1 > · · · >

ν̃r−1 > ν̃r = 0 are distinct eigenvalues of V, µ† < 0 is the shadow price of the planner’s

budget determined by √√√√ r∑
i=1

[
ν̃i
∥∥ProjS (ν̃i,V)ααα0

∥∥
µ† − ν̃i

]2
= C; (20)

(ii) if C >
√

(n− 1)Var(ααα0), then we can obtain Vmin = 0 by choosing an arbitrary ααα† ∈

{z ∈ Rn : z ∝ 1} ∩ O(ααα0, C), where O(ααα0, C) ≡ {z ∈ Rn : ∥z − ααα0∥ 6 C} denotes the

neighborhood of ααα0 with a radius C;

(iii) ααα†−ααα0 points to the direction of −Vααα0 as the total budget tends to zero, i.e., limC→0⟨ααα†−

ααα0,−Vααα0⟩ = 0.

Proof. See Appendix F.

Figure 8 depicts the cross-section, within the orthogonal complements of 1, of a cylindrical

surface ααα⊤Vααα = Vmin and a sphere ∥ααα−ααα0∥ 6 C. Elliptical cylinder ααα⊤Vααα = Vmin shrinks as

the budget C increases. When C exceeds ∥Qααα0∥ =
√

(n− 1)Var(ααα0), the cylinder is degenerate

to its axis 1, we thus have Vmin = 0. In the opposite extreme case where C approaches zero,

ααα† −ααα0 tends to the opposite tangent direction −Vααα0. We denote by αααtv ≡ ααα0 −CVααα0/∥Vααα0∥

the tangent approximation of the optimal variance-minimizing intervention under small budget.

Approximating the optimal intervention by the simple and tangent interventions allows us

to avoid computational complexity. The simple intervention αααs, in particular, is very easy to im-

plement since it depends on neither the network structure nor the status-quo preferences. Mean-

while, some discrepancy between the optimal value and its approximations may inevitably exist.

We denote by W ∗(C) ≡ [ααα∗(C)]⊤W[ααα∗(C)] and V ∗(C) ≡ [ααα†(C)]⊤V[ααα†(C)] the optimal social
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Figure 8. Trajectory of the optimal solution ααα†(C)

welfare and social variance. W s(C) ≡ [αααs(C)]⊤W[αααs(C)] and W t(C) ≡ [αααtw(C)]
⊤W[αααtw(C)]

represent the levels of social welfare under simple and tangent approximations, respectively. We

use ∆s
w(C,ααα

0) ≡W ∗(C)−W s(C) and ∆t
w(C,ααα

0) ≡W ∗(C)−W t(C) to represent the errors of

simple and tangent approximations. Similarly, V t(C) ≡ [αααtv(C)]
⊤V[αααtv(C)] represents the social

variance under tangent intervention, ∆t
v(C,ααα

0) ≡ V t(C) − V ∗(C) represents the error on vari-

ance under simple approximation. The following proposition characterizes the limit behaviors

of these errors under extremely large and small budgets, and thus measures the accuracies of

these approximations.

Proposition 5 • The error of social welfare under simple approximation is

∆s
w(∞,ααα0) = lim

C→∞
∆s
w(C,ααα

0) =

m∑
i=2

w̃2
i

∥∥∥ProjS (w̃i,W)ααα
0
∥∥∥2

1− w̃i
; (21)

if the sample variance Var(ααα0) is fixed at ξ, then ∆s
w(∞,ααα0) attains its maximum value

(n−1)ξw̃2
i∗

1−w̃i∗
at ααα0 ∈ S (w̃i∗ ,W), and its minimum value

(n−1)ξw̃2
i∗

1−w̃i∗
at ααα0 ∈ S (w̃i∗ ,W), where

i∗ = argmaxj ̸=1
w̃2

j

1−w̃j
, i∗ = argminj ̸=1

w̃2
j

1−w̃j
;

• With extremely small budget, the tangent approximation errors of social welfare and social

variance are

∆t
w(C,ααα

0) =


0 if ααα0 ∈

∪m
i=1 S (w̃i,W)

12

[
∥Wααα0∥2∥W2ααα0∥2−

∥∥∥W 3
2ααα0

∥∥∥4]
∥Wααα0∥5 C3 + o(C3) if ααα0 /∈

∪m
i=1 S (w̃i,W)

,

and

∆t
v(C,ααα

0) =


0 if ααα0 ∈

∪r
i=1 S (ν̃i,V)

12

[
∥Vααα0∥2∥V2ααα0∥2−

∥∥∥V 3
2ααα0

∥∥∥4]
∥Vααα0∥5 C3 + o(C3) if ααα0 /∈

∪r
i=1 S (ν̃i,V)

.
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Proof. See Appendix G.

We illustrate the above results by Figures 9 and 10. The red and green curves represent,

respectively, the optimal and the approximated values. The gaps between them measure the

errors of approximations. Figure 9(a) (resp. 10) shows that, when the status quo vector ααα0 lies

within none of the eigenspaces of W (resp. V), the tangent approximation error for both social

welfare (resp. social variance) vanishes in the order of O(C3) as C tends to zero. Figure (9(b))

shows that the error of simple approximation persists as C → ∞, i.e., ∆s
w(∞,ααα0) > 0. In the

case where W is positive definite (i.e., w̃m > 0), we have
w̃2

2
1−w̃2

> · · · > w̃2
m

1−w̃m
. So ∆s

w(∞,ααα0)

achieves its maximum (resp. minimum) at ααα0 ∈ S (w̃2,W) (resp. ααα0 ∈ S (w̃m,W)).

Since

lim
C→∞

C2

W ∗(C)
= lim

µ→w̃1=1

m∑
j=1

 w̃j
∥∥∥ProjS (w̃i,W)ααα

0
∥∥∥

µ− w̃j

2

m∑
j=1

w̃j


∥∥∥ProjS (w̃i,W)ααα

0
∥∥∥

µ− w̃j

2 = 1

The relative approximation error ∆s
w(C,ααα0)
W ∗(C) is an infinitesimal of orderO(1/C2). With controllably

small error, the simple interventions achieves most of the optimal social welfare for sufficiently

large budget.

 !
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(a) tangent approximation for small budget
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(b) simple approximation for large budget

Figure 9. Tangent and simple approximations in [Pu]

In the game-theoretic framework, the first-best social welfare WFB(θ,ααα,g) = 1
2ααα

⊤H−1ααα is

usually unachievable. A problem of interest is how to achieve the largest possible proportion
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Figure 10. Tangent approximation for small budget in [Pe]

of WFB(θ,ααα,g) through ex-ante intervention. We proceed to discuss the relative intervention

problem

[Pr] : max
ααα∈Rn

ααα⊤Wααα

ααα⊤H−1ααα
, s.t. : ∥ααα−ααα0∥ 6 C. (22)

To facilitate discussion, we prepare some notations. Let R∗(C) and αααr(C) be the optimal

value and solution to problem [Pr], respectively. Let 1 = γ1 > γ2 > · · · > γn be the generalized

eigenvalues of matrix W relative to H−1, among which 1 = γ̃1 > · · · > γ̃m are distinct values.

Ni ≡ {j ∈ I|γj = γ̃i}, ni ≡ #Ni denotes the multiplicity of γi. G (γ̃i,W,H−1) ≡ {x : Wx =

γ̃iH
−1x} denotes the generalized eigenspace, of W to H−1, associated with γ̃i. Let C0 ≡ ∞

and Ct ≡ D
(
ααα0,⊕t

i=1G (γ̃i,W,H−1)
)
, ∀t ∈ {1, · · · ,m}, where D(y,Z) ≡ inf{∥y − z∥ : z ∈ Z}

is the Euclidean distance from a vector y to a linear space Z, symbol ⊕ denotes the direct sum

of linear spaces. It is obvious that Ct > Ct+1, ∀t ∈ {0, · · · ,m− 1}. Since W1 = H−11, we have

{y|y ∝ 1} ⊆ G (γ̃1,W,H−1). It follows that C1 6
√

(ααα0)⊤Qααα0 =
√
(n− 1)Var(ααα0), equality

holds only when n1 = 1.8 Since all the m eigenspaces span the entire Euclidean space, i.e.,

⊕t
i=1G (γ̃i,W,H−1) = Rn, we have Cm = 0.

Proposition 6 We have the following results regarding problem [Pr]:

• R∗(C) ∈ [γ̃t, 1] is attained at αααr ∈ ⊕t
i=1G (γ̃i,W,H−1), whenever C > Ct, ∀t ∈ {1, · · · ,m}.

In particular, R∗(C) = γ̃1 = 1 whenever C > C1.

8By Perron-Frobenius Theorem, 1 is a simple eigenvalue for both matrices W and H−1. However, it is not

necessarily true that γ̃1 = 1 is a simple generalized eigenvalue of W to H−1.
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• If C < C1, then ααα
r(C) = ∆(C)ααα0, and

R∗(C) =
(ααα0)⊤∆(C)W∆(C)ααα0

(ααα0)⊤∆(C)H−1∆(C)ααα0
,

where ∆(C) ≡ [I+ ξ(C)H−1 − η(C)W]−1, ξ(C) and η(C) are determined jointly by9

[
ααα0
]⊤

∆(C)
[
ααα0
]

=
∥∥ααα0

∥∥2 − C2 (23)[
ααα0
]⊤

[∆(C)]2
[
ααα0
]

=
∥∥ααα0

∥∥2 − C2. (24)

Proof. See Appendix H.

For large budget C > C1, the planner can obtain the first-best social welfare WFB(θ,ααα,g)

by choosing an αααr within the first generalized eigenspace G (1,W,H−1). For small budget, the

first-best efficiency is unachievable. To avoid the computational complexity, we approximate

the optimal intervention by allocating the total budget in the tangent direction of the optimal

trajectory αααr(C) at C = 0. That is,

αααt(C) = ααα0 +
dαααr(0)/dC

∥dαααr(0)/dC∥
C = ααα0 + C

∆′(0)ααα

∥∆′(0)ααα∥
.

We proceed to discuss the accuracy of the tangent approximation.

Proposition 7 For small budget, the error of tangent approximation is an infinitesimal with

higher order than C2, i.e., ∆Rt(C) ≡ R∗(C)−Rt(C) = o(C2).

Proof. See Appendix I.

Figure 11 depicts the optimal relative intervention αααr(C) and its tangent approximation

αααt(C) for n = 2, where p·i (resp. q·i) denotes the ith principal component of matrix W

(resp. H−1).10 Figure 12 depicts R∗(C), Rt(C) and a stepwise function m(C) = γ̃i, ∀C ∈

[Ci, Ci−1), ∀i ∈ {1, · · · ,m}, for a six-node graph and λ = 0.6. In what follows, we proceed to

discuss the relative intervention problem for two special network classes: the regular network

R, and complete multipartite network, Kp1,··· ,ps , where {pi}si=1 are partition numbers.

Proposition 8 If G is a regular or complete bipartite network, i.e., G ∈ R ∪ Kp,q, and ααα
0 ∈

⊕t
i=1G (γ̃i,W,H−1), then αααr(C) ∈ ⊕t

i=1G (γ̃i,W,H−1), ∀t ∈ {1, · · · ,m}.
9This proposition relies on an implicit hypothesis that the status quo vector ααα0 guarantees the solvability of

equation system (23) and (24). We give a counterexample. Let ααα0 be a common eigenvector of matrices W and H,

corresponding to eigenvalues w and h, respectively. Then, (23) and (24) take the form h
h+ξ−ηhw

∥ααα0∥2 = ∥ααα0∥2−C2

and
(

h
h+ξ−ηhw

)2

∥ααα0∥2 = ∥ααα0∥2 − C2. This system is either unidentified (C = 0), or inconsistent (C > 0).
10A two-node connected graph must be complete, so W and H−1 share the same set of principal components.

For the n > 3 case, it is not necessarily true that p·j ∝ q·j , ∀j > 2.
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Figure 12. Tangent approximations in [Pr]
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Proof. See Appendix J.

Notice that ⊕m
i=1G (γ̃i,W,H−1) = Rn, so the above result holds obviously for t = m. Howev-

er, if G is neither regular nor complete bipartite, matrices W and H don’t necessarily commute.

So ΓΓΓ ≡ H1/2WH1/2 and H fail to share the same set of principal components (or eigenspaces

for the case of multiple eigenvalues).11 Figure 13 depicts the case with three agents and distinct

eigenvalues 1 = γ1 > γ2 > γ3. Deforming the spherical region O(ααα0, C) ≡
{
ααα : ∥ααα−ααα0∥ 6 C

}
by means of affine transformations z ≡ S⊤H−1/2ααα and z0 ≡ S⊤H−1/2ααα0, we obtain the elliptical

region

O
Ĥ
(z0, C) ≡

{
z :

√
(z− z0)⊤Ĥ(z− z0) 6 C

}
,

where ≡ S⊤HS. If W and H commute, Ĥ is a diagonal matrix. Then O
Ĥ
(z0, C) is a right

ellipsoid, whose axes are parallel to the canonical bases {S (γi, Γ̂ΓΓ)}3i=1. If z0 ∈ ⊕2
i=1S (γi, Γ̂ΓΓ),

(equivalently, ααα0 ∈ ⊕2
i=1G (γi,W,H−1)), O

Ĥ
(z0, C) intersects the coordinate plane e1Oe2 at its

its equator. The optimal intervention policy zr must also located within e1Oe2 (equivalently,

αααr ∈ ⊕2
i=1G (γi,W,H−1)), with an polar angle ϕ from the first principal component e1. The

optimal value attained is R∗(C) = cos2(ϕ)γ1 + sin2(ϕ)γ2. If W and H don’t commute, Ĥ

is non-diagonal. Then O
Ĥ
(z0, C) is obliquely positioned in the canonical coordinate system

{ei}3i=1, with only its minor axis in alignment with e1. In this case, zr /∈ ⊕2
i=1S (γi, Γ̂ΓΓ) even

if z0 ∈ ⊕2
i=1S (γi, Γ̂ΓΓ). The direction of zr is determined by its zenithal and azimuthal angles

(θ, ϕ). The optimal value attained is R∗(C) = cos2(θ) cos2(ϕ)γ1 + cos2(θ) sin2(ϕ)γ2 + sin2(θ)γ3.

 !"# "$
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"# "$
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(b) WH ̸= HW,αααr /∈ ⊕2
i=1G (γ̃i,W,H−1)

Figure 13. ααα0 ∈ ⊕2
i=1G (γ̃i,W,H−1)

From the above analysis, we see that the first generalized eigenspace G (1,W(λ),H−1(λ)),

11For any network G, the first principal component of ΓΓΓ and H are both 1√
n
1, but their remaining principal

components don’t coincide with each other.
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and its Euclidean distance to ααα0, play important roles in the relative intervention problem for a

given λ. Next, I establish bounds on the λ−intersection of these eigenspaces.

Lemma 1 λ−intersection of the first generalized eigenspaces
∩
λ∈(0,1) G

(
1,W(λ),H−1(λ)

)
sat-

isfies:[
Nℓ(Ĝ)

∩
Nr(Ĝ)

]
⊕
{
x |x ∝ 1

}
⊆

∩
λ∈(0,1)

G
(
1,W(λ),H−1(λ)

)
⊆ Nr(Ĝ)⊕

{
x |x ∝ 1

}
,

where Nℓ(Ĝ) ≡
{
x
∣∣∣Ĝ⊤

x = 0
}
and Nr(Ĝ) ≡

{
x
∣∣∣Ĝx = 0

}
denotes the left and right null spaces

of matrix Ĝ.

Proof. See Appendix K.

For graphs of general form, the left and right null spaces don’t coincide with each oth-

er necessarily. See the tree graph given in Figure 14. dimNr(Ĝ) = n − rank(Ĝ) = 7,

dim[Nr(Ĝ) ∩ Nℓ(Ĝ)] = n − rank(Ĝ
⊤
, Ĝ) = 6. So Nr(Ĝ) ∩ Nℓ(Ĝ) ⊂ Nr(Ĝ).12 The follow-

ing lemma shows that Nℓ(Ĝ) = Nr(Ĝ) = N(Ĝ) for regular or complete multipartite graph, so∩
λ∈(0,1) G

(
1,W(λ),H−1(λ)

)
sandwiched between [Nℓ(Ĝ)

∩
Nr(Ĝ)] ⊕ {x|x ∝ 1} and Nr(Ĝ) ⊕

{x|x ∝ 1} equals N(G)⊕ {x |x ∝ 1}.

1

2 3

4 5 6 7

8 9 10 11 12 13 14 15 16 17

Figure 14. Nℓ(Ĝ) ∩ Nr(Ĝ) ⊂ Nr(Ĝ)

Lemma 2 If G ∈ R ∪ Kp1,··· ,ps, then∩
λ∈(0,1)

G
(
1,W(λ),H−1(λ)

)
= N(G)⊕ {x |x ∝ 1} .

Proof. See Appendix L.

With Lemmas 1 and 2 in hand, we have the following result guaranteeing the first-best

relative intervention.

12Seven linear dependent vectors {e8−e9, e10−e11, e10−e12, e13−e14, e13−e15, e16−e17, e2+e13+e17−e3−e8−e10}

constitutes a basis of Nr(Ĝ), among which only the six vectors associated with the pendant (terminal) vertexes,

{e8 − e9, e10 − e11, e10 − e12, e13 − e14, e13 − e15, e16 − e17}, constitutes a basis of Nr(Ĝ) ∩ Nℓ(Ĝ).

24



Proposition 9 If G ∈ R ∪ Kp1,··· ,ps, and

C >
√

(n− 1)Var(ααα0)−
∥∥∥ProjS (0,G)ααα

0
∥∥∥2,

then R∗(C, λ) = 1 is attained at αααr(C, λ) ∈ N(G)⊕ {x|x ∝ 1}, ∀λ ∈ (0, 1).

Proof. See Appendix M.

4 Structural intervention

In this section, we turn to another form of network intervention: the structural intervention. In

the characteristic intervention problems, the planner can only adjust the individual preferences

taking the network structure as given. Now, we assume that the planner can also restructure

endogenously the network. The planner does not need to pay any physical cost when building

a network. But he has to consider the individuals’ attitudes towards it. That is, whether a

network provided by the planner can be agreed upon unanimously by all players. A problem

of interest is the compatibility between social optimality and individual choices. We first give

a negative result in an extremely conformist society. It shows that except in the trivial case of

homogenous preferences, the socially optimal network provided by the planner will inevitably be

boycotted by some individuals. Let G (I) denote the class of networks on players set I, R(I) is

the subclass of regular networks on I, O(λ,ααα, I) ≡ argmaxg∈G (I)WN (λ,ααα,g) denotes the set of

socially optimal networks on I given ααα and λ, Oi(λ,ααα, I) ≡ argmaxg∈G (I) u
N
i (λ,ααα,g) is player

i’s most preferred network class.

Proposition 10 (i) If ααα ∝ 1, Oi(1,ααα, I) = O(1,ααα, I) = G (I), ∀i ∈ I; (ii) if ααα ̸∝ 1, R(I) ⊆

O(1,ααα, I), and O(1,ααα, I) ∩ Oi(1,ααα, I) = ∅,∀i /∈ Ī(ααα) ≡ {i ∈ I : αi = ᾱ}; O(1,ααα, I) =

Oi(1,ααα, I),∀i ∈ Ī(ααα).

Proof. See Appendix N.

This proposition shows that if all players have homogenous preferences, both the planner and

individuals feel indifferent among all possible networks. In the case of heterogenous preferences,

however, an utilitarian planner will choose a network, such that the degree-weighted average

of individual characteristics equals their simple average value, as the socially optimal one. The

median players (i ∈ Ī(ααα)), if any, will agree upon this choice. However, the non-median players

will unanimously boycott it, because anyone of them prefers to residing at the center of a star

network.
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Given the above negative result, we next examine the impacts of marginal alterations. Let

G[+ij] ≡ G + eie
⊤
j + eje

⊤
i represent the extended network when a new edge (i, j) is added to

G, ∆u
[+i′j′]
i (λ,ααα,G) ≡ uNi (λ,ααα,G

[+i′j′])−uNi (λ,ααα,G) is the incremental utility of agent i upon

new edge (i′, j′). Let

P(λ,ααα,G) ≡
{
(i′, j′) ∈ Ec : ∆u[+i

′j′]
i (λ,ααα,G) > 0,∀i, with at least one strict inequality

}
denote the set of new edges upon which the original network is Pareto improved, where Ec

denotes the the set of the null edges (unlinked pairs). The following proposition states that in

a totally conformist society the marginal extension of G will inevitably hurt some players, and

thus cannot receive unanimous approval.

Proposition 11 P(1,ααα,G) = ∅, ∀G ∈ G (I).

Proof. See Appendix O.

We next turn to the opposite extreme case with almost individualism agents (λ ≈ 0). We

begin with a lemma.

Lemma 3 If ααα ̸∝ 1, λ is close to zero, and dis [(i, j), k,G] = s, then

∆u
[+ij]
k (λ,ααα,G) =


(αk − ᾱk)

(
ĝ
[s]
ki (αj−ᾱi)

1+di
+

ĝ
[s]
kj (αi−ᾱj)

1+dj

)
λs+1 + o(λs+1) if s > 1

λ(αj−ᾱi)
2(di+1)

[
2αi −

(
1 + di

di+1

)
ᾱi − αj

di+1

]
+ o(λ) if k = i

λ(αi−ᾱj)
2(dj+1)

[
2αj −

(
1 +

dj
dj+1

)
ᾱj − αi

dj+1

]
+ o(λ) if k = j

,

where dis [(i, j), k,G] ≡ min{ρik(G), ρjk(G)} is the geodesic distance from node k to edge (i, j),

ρij(G) ≡ min{s ∈ I : g
[s]
ij > 0} is the distance between nodes i and j, g

[s]
ij ≡ e⊤i G

sej denotes the

(i, j) element of matrix Gs, similarly, ĝ
[s]
ij ≡ e⊤i Ĝ

s
ej is the (i, j) element of matrix Ĝ

s
.

Proof. See Appendix P.

This lemma shows that a newly added edge produces a ripple effect. It has the most promi-

nent impact on the pair of nodes directly involved. The impact propagates outward with its

magnitude decaying geometrically with the geodesic distance. The impact on an s−step node

is of order λs+1. We now weaken the Pareto-improvement set P(λ,ααα,G) by allowing a loss

tolerance of order one when players vote for a new link:

Pϵ(λ,ααα,G) ≡
{
(i′, j′) ∈ Ec : ∆u[+i

′j′]
i (λ,ααα,G) > −ϵλ,∀i ∈ I

}
.

We assume that a player will give his consent to the new link if his loss is within the range of

tolerance. Then a positive result on unanimous approval is obtained.
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Proposition 12 For any pair (i, j) ∈ Ec and ∀ϵ > 0, if conditions

(αj − ᾱi)

[
2αi −

(
1 +

di
di + 1

)
ᾱi −

αj
di + 1

]
> 0 (25)

and

(αi − ᾱj)

[
2αj −

(
1 +

dj
dj + 1

)
ᾱj −

αi
dj + 1

]
> 0 (26)

hold, then there exists a small λ such that (i, j) ∈ Pϵ(λ,ααα,G).

Proof. See Appendix Q.

The case of extreme individualism society is in sharp contrast to the totally conformist case

discussed in Proposition 11. When λ ≈ 1, a new link has substantial impacts on all individuals

across the network, regardless of their locations. So, a new link needs to receive unanimous

approval from all players. Things are simpler for the λ ≈ 0 case. The distant nodes receive

much less impact than the close ones. When a small loss tolerance is allowed, a new link will

receive consent from all remote players, one only needs to consider the attitudes of the pair

of directly involved nodes. The unanimous approval conditions are therefore much easier to

satisfy than in the totally conformist case. Obviously, conditions (25) and (26) admits a large

degree of freedom since the variables involved outnumbered largely the inequalities.13 So for

any (i, j) ∈ Ec, it is easy to find a vector ααα guaranteeing unanimous approval.

As shown in Proposition 11, the planner’s goal of welfare optimality is generally incompatible

with the agents’ individual rationalities in an extremely conformist society. We now allow the

planner to neglect the attitudes of the agents. That is, the planner are given a mandate to build

a network, and no individual has the power to veto his decision. From Proposition 10, we see

that in a totally conformist society, a utilitarian planner can restrict his attention to the class of

regular networks to maximize the social welfare. Nevertheless, the regular class R(I) itself may

still be very large for a large n. We proceed to give an algorithm to search the optimal network

within the regular class. Expanding M̂(λ,G) around λ = 1 yields

M̂(λ,G) = 11⊤D̂+

∞∑
k=0

(−1)k

k!
U−1Λ̂ΛΛ

(k)

−1(1)(U−1)
⊤
D̂(1− λ)k+1,

where D̂, Λ̂ΛΛ−1(λ) and U−1 are given in Appendix N,

Λ̂ΛΛ
(k)

−1(1) ≡ diag

{[
1

1− λiλ

∣∣∣∣(k)
λ=1

]n
i=2

}
= diag

{[
k!λki

(1− λi)k+1

]n
i=2

}
13The variables contained in (25) and (26) are αi, αj , (αk)k∈Ni∪Nj , Ns ≡ {k : gks = 1} denotes the neighbour-

hood of vertex s. So the degree of freedom of (25) and (26) is 2 + #(Ni ∪Ni)− 2 = di + dj −#(Ni ∩Nj).
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denotes the k−th order derivative of Λ̂ΛΛ−1(λ) with respect to λ, evaluated at 1. Then,

M̂(λ,G) = I−B0 +

∞∑
k=1

Bk(1− λ)k,

where

Bk ≡

 I− 11⊤D̂ k = 0

U−1diag
{(

(−λi)k−1

(1−λi)k

)∣∣∣n
i=2

}
(U−1)

⊤
D̂ k > 1

.

Expanding WN (λ,G) with respect to λ around 1 yields:

WN (λ,G) = I− 1

λ
(I− M̂)⊤(I− M̂) =

∞∑
k=0

ΩΩΩk(1− λ)k,

where

ΩΩΩk =



I−B⊤
0 B0 k = 0

−B⊤
0 B0 +B⊤

0 B1 +B⊤
1 B0 k = 1

−B⊤
0 B0 +B⊤

0

(
k∑
s=1

Bs

)
+

(
k∑
s=1

Bs

)⊤

B0 −
k−1∑
s=1

k−s∑
t=1

B⊤
s Bt k > 2

.

The associated social welfare is

WN (λ,ααα,G) =
1

2

∞∑
k=0

(
ααα⊤ΩΩΩkααα

)
(1− λ)k. (27)

When λ is sufficiently close to one, an utilitarian planner has lexicographic preferences over

terms in (27). That is, she first orders the constant term ααα⊤ΩΩΩ0ααα = ααα⊤ (I−B⊤
0 B0

)
ααα, then

ααα⊤ΩΩΩ1ααα, then ααα
⊤ΩΩΩ2ααα, and so on.

The problem

[PI ] : max
ααα∈O(ααα0,C),G∈G (I)

WN (λ,ααα,G)

encompasses both characteristic and structural interventions. It can be solved approximately

by an inductive procedure.

• Round 0. Solve problem

[PI
1 ] : max

ααα∈O(ααα0,C),G∈G (I)
ααα⊤
(
I−B⊤

0 B0

)
ααα = max

ααα∈O(ααα0,C)
max

G∈G (I)
n
[
ᾱ2 − (ᾱ− ᾱd)

2
]
,

where ᾱ, ᾱd are simple average and degree-weighted average of ααα. To guarantee ᾱ = ᾱd, the

0−round optimal network is chosen among the regular class, G0(I) = R(I), and the optimal

characteristic vector is the solution to maxααα∈O(ααα0,C) nᾱ
2 = maxααα∈O(ααα0,C)

1
nααα

⊤11⊤ααα. A

Lagrangian function with multiplier ω can be written as

L (ω,ααα) =
1

n
ααα⊤11⊤ααα+ ω

[
C2 − (ααα−ααα0)⊤(ααα−ααα0)

]
.
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The first-order condition is
1

n
11⊤ααα = ω(ααα−ααα0). (28)

Inserting (28) into ∥ααα−ααα0∥ = C yields ω =
√
n|ᾱ|
C . Therefore ααα∗ = ααα0 + Cᾱ

|ᾱ|
√
n
1.

• Round k, k > 1. For G ∈ R(I), D̂ = 1
nI, then we have

Bk ≡

 Q k = 0

1
nU−1diag

{(
(−λi)k−1

(1−λi)k

)∣∣∣n
i=2

}
(U−1)

⊤ k > 1
.

It follows that B⊤
0 Bt = Bt, ∀t > 0, ΩΩΩ0 = −Q = − 1

nU−1(U−1)
⊤,

ΩΩΩ1 = 2B⊤
0 B1 −B⊤

0 B0 = 2B1 −Q =
1

n
U−1diag

{
1 + λi
1− λi

}n
n=2

(U−1)
⊤,

and

ΩΩΩk = −B⊤
0 B0 + 2B⊤

0

k∑
t=1

Bt −
k−1∑
s=1

k−s∑
t=1

B⊤
s Bt

=
1

n
U−1

{
diag

[
−1 + 2

k∑
t=1

(−λi)t−1

(1− λi)t
−

k−1∑
s=1

k−s∑
t=1

(−λi)s+t−2

(1− λi)s+t

]n
i=2

}
(U−1)

⊤

=
1

n
U−1diag

{
(−λi)k−1(k + λi)

(1− λi)k

}n
i=2

(U−1)
⊤∀k > 2.

In summary, ΩΩΩk =
1
nU−1diag {ηk(λi)}ni=2 (U−1)

⊤, where

ηk(x) ≡


−1 k = 0

1+x
1−x k = 1

(−x)k−1(k+x)
(1−x)k k > 2

.

Since U−11 = 0 for G ∈ R(I), (ααα∗)⊤ΩΩΩk(ααα
∗) =

(
ααα0 + Cᾱ

|ᾱ|
√
n
1
)⊤

ΩΩΩk

(
ααα0 + Cᾱ

|ᾱ|
√
n
1
)

=

(ααα0)⊤ΩΩΩk(ααα
0). Let λ̃1 > · · · > λ̃p be distinct eigenvalues of Ĝ, Ii ≡ {j : λj = λ̃i}. Since

{u·j/
√
n}j∈Ii constitute a set of orthonormal base of eigenspace S (λ̃i, Ĝ), we have

(ααα∗)⊤ΩΩΩk(ααα
∗) =

p∑
i=2

ηk(λ̃i)
1

n

∑
j∈Ii

(
u
⊤
·jααα

0
)2

=

p∑
i=1

ηk(λ̃i)
∥∥∥ProjS (λ̃i,Ĝ)

ααα0
∥∥∥2 , ∀k > 0.

We can thus write the round−k intervention problem as

[PI
k ] : max

G∈Gk−1(I)
(ααα0)⊤ΩΩΩk−1(ααα

0).

The optimal network class is then Gk(I) = argmaxG∈Gk−1(I)(ααα
0)⊤ΩΩΩk−1(ααα

0).

The following proposition summarizes the above analysis.
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G G1 G2 G3 G4 G5

δ1(G) 257.778 90.667 30.733 91.277 63.222

Table 1. δ1(G) within class R(I)

Proposition 13 In an extremely conformist society i.e., λ ≈ 1, the solution (ααα∗,G∗) to problem

[PI ] entails:

• a characteristic intervention satisfying ααα∗ −ααα0 ∝ 1;

• the optimal network G∗ found inductively within network class

Gk(I) = arg max
G∈Gk−1(I)

δk(G),

with the initial class G0(I) = R(I), and

δk(G) ≡
p∑
i=2

ηk(λ̃i)
∥∥∥ProjS (λ̃i,Ĝ)

ααα0
∥∥∥2 ,

1 = λ̃1 > · · · > λ̃p are distinct eigenvalues of Ĝ,

ηk(x) ≡

 1+x
1−x k = 1

(−x)k−1(k+x)
(1−x)k k > 2

.

An example. To illustrate this algorithm, let us consider a numerical example where n = 6 and

ααα0 = (2, 3, 4,−5,−6,−3)⊤. The 0−round optimization gives ααα∗ − ααα0 ∝ 1, and G0(I) = R(I),

as shown in Figure 15. In round−1, we proceed to calculate index δ1(G) within class R(I) (see

Table-1). It is obvious that the socially optimal network is G∗ = G1.

5 Conclusion

This paper contributes to the growing literature on network interventions, in which a planner

can adjust purposely the individuals’ characteristics and/or the structure of a network. My

analysis is based on a local-average model, in which each agent seeks to minimize the social

distance between his own action and the average action of his peers (his social norm).

I first explore the characteristic intervention problems of a planner with various objectives

and constraints. She optimizes the social welfare subject to a fixed level of social variance, or in

duality, optimizes the social variance subject to a fixed level of social welfare. This paper gives

the optimal interventions and the optimal values attained in these setups. I also consider the
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Figure 15. Regular class R(I)
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welfare-maximizing and variance-minimizing problems under quadratic budget constraints. It

is shown that the total budget and the standalone preference vector have joint impacts on the

optimal interventions. Moreover, for extremely large (resp. small) budgets, the approximated

simple (resp. tangent) interventions achieve most of the optimal efficiencies. I further identify

the order of errors, and thus the accuracies, of these approximations. I proceed to discuss the

relative characteristic intervention problem, in which a planner seeks to maximize the ratio of

equilibrium social welfare to its first-best counterpart subject to a quadratic budget constraint.

I give conditions under which a 100% ratio is achieved.

I then discuss the joint intervention problem incorporating both characteristic and structural

interventions. The alteration of network incurs no physical cost, but the attitudes of individuals

matter for the planner’s network design problem. I begin with a negative result stating that

there exists no socially optimal and unanimously approved network if players have heterogeneous

preferences. In what follows, I discuss the impact of adding a new link to an existing network. It

is shown that in a totally conformist society, any new link will inevitably hurt someone, and thus

fails to meet the unanimous approval condition. In the opposite case with extreme individualism,

however, a more optimistic result is obtained when a weaker approval condition is adopted. I

show that the impact on individual payoff decays geometrically as the geodesic distance from

the new edge to the node affected expands. Therefore, if a one-order loss tolerance is allowed

by every player, and a new link is not detrimental to the pair of players directly involved, then

this link receives unanimous approval. Lastly, a searching algorithm that leads to the socially

optimal network is provided.
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Appendix A. Proof of Proposition 1

Let νi ≡ λi(V), U is an orthogonal matrix whose ith column u·i is the orthonormal eigenvector

of V associated with νi. It follows immediately from M̂1 = 1 and Q1 = 0 that the least

eigenvalue is νn = 0, and 1 is its associated eigenvector. Since G is irreducible, by the Perron-

Frobenius theorem, 1 is the only eigenvector (up to a scalar multiple) corresponding to νn = 0,

i.e., u·n = ± 1√
n
1. Let V̂ ≡ diag {ν1, · · · , νn−1, 1}, y ≡ V̂

1/2
U⊤ααα. Problems [Pw|v

max/Pw|v
min] are

then transformed into

min
y∈Rn

/max
y∈Rn

y⊤ΣΣΣy, s.t. : y⊤
−ny−n = 1, (29)

where ΣΣΣ ≡ [σij ]n×n ≡ V̂
− 1

2U⊤WUV̂
− 1

2 , y−n ≡ (yi)i ̸=n is a subvector obtained by deleting the

last entry yn from y. Since W1 = 1, we have σj,n ≡ e⊤j ΣΣΣen = ± 1√
nνj

u⊤
·j1 = 0, ∀j ̸= n, and

σn,n ≡ e⊤nΣΣΣen = e⊤nU
⊤WUen = 1, where ei is the ith standard base vector with only its ith

entry equal to 1 and the rest 0s. Problems [Pw|v
max/Pw|v

min] are then rewritten as

max /min
y∈Rn

y⊤
−nΣΣΣ−n,−ny−n + y2n, s.t. : y

⊤
−ny−n = 1, (30)

where

ΣΣΣ−n,−n ≡ (σij)i,j ̸=n =

(
u⊤
·iWu·j√
νiνj

)
i,j ̸=n

= (V̂−n)
− 1

2 (U−n)
⊤WU−n(V̂−n)

− 1
2

denotes the principal submatrix obtained by deleting the last row and column from ΣΣΣ, V̂−n ≡

diag{ν1, · · · , νn−1}, U−n ≡ (u·j)j ̸=n.

The max-problem [Pw|v
max]. Since yn is not included in constraint y⊤

−ny−n = 1, we can thus ob-

tain the maximum value Π
w|v
max = ∞ by choosing y∗n = ±∞ and y∗

−n ∈ S (λ1(ΣΣΣ−n,−n),ΣΣΣ−n,−n),

where S (λ,A) ≡ {x|Ax = λx} represents the λ−eigenspace of matrix A. Substituting

y∗
−n = (V̂−n)

1
2 (U−n)

⊤ααα∗, y∗n = ± 1√
n
1⊤ααα∗, and ΣΣΣ−n,−n ≡ (V̂−n)

− 1
2 (U−n)

⊤WU−n(V̂−n)
− 1

2

into ΣΣΣ−n,−ny
∗
−n = λ1(ΣΣΣ−n,−n)y

∗
−n, we get

(V̂−n)
− 1

2 (U−n)
⊤WU−n(V̂−n)

− 1
2 (V̂−n)

1
2 (U−n)

⊤ααα∗ = λ1(ΣΣΣ−n,−n)(V̂−n)
1
2 (U−n)

⊤ααα∗. (31)

Since U−n(U−n)
⊤ = UU⊤ − u·nu

⊤
·n = I− 1

n11
⊤ ≡ Q, 1⊤W = 1⊤, and VQ = V, (31) implies (U−n)

⊤

1√
n
1⊤

WQααα∗ = λ1(ΣΣΣ−n,−n)

 V̂−n

0

 (U−n)
⊤

1√
n
1⊤

ααα∗.

It follows immediately that

WQααα∗ = λ1(ΣΣΣ−n,−n)U

 V̂−n

0

U⊤ααα∗ = λ1(ΣΣΣ−n,−n)Vααα
∗ = λ1(ΣΣΣ−n,−n)VQααα∗. (32)
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Therefore, the optimal intervention satisfies:

Proj1⊥αααw|vmax ∈ G (λ1(ΣΣΣ−n,−n),W,V),
∥∥∥Proj1αααw|vmax

∥∥∥ = ∞,

where 1⊥ denotes the orthogonal complement space of 1.

The min-problem [Pw|v
min]. The minimum value Π

w|v
min = λn−1(ΣΣΣ−n,−n) is achieved by choos-

ing y∗n = 0 and y∗
−n ∈ S (λn−1(ΣΣΣ−n,−n),ΣΣΣ−n,−n). Substituting y∗

−n = (V̂−n)
1
2 (U−n)

⊤ααα∗,

y∗n = ± 1√
n
1⊤ααα∗ = 0, and ΣΣΣ−n,−n ≡ (V̂−n)

− 1
2 (U−n)

⊤WU−n(V̂−n)
− 1

2 into ΣΣΣ−n,−ny
∗
−n =

λn−1(ΣΣΣ−n,−n)y
∗
−n, we get

(V̂−n)
− 1

2 (U−n)
⊤WU−n(V̂−n)

− 1
2 (V̂−n)

1
2 (U−n)

⊤ααα∗ = λn−1(ΣΣΣ−n,−n)(V̂−n)
1
2 (U−n)

⊤ααα∗. (33)

Since U−n(U−n)
⊤ = Q, 1⊤ααα∗ = 0 and 1⊤W = 1⊤, (33) implies (U−n)

⊤

1√
n
1⊤

Wααα∗ = λn−1(ΣΣΣ−n,−n)

 V̂−n

0

 (U−n)
⊤

1√
n
1⊤

ααα∗.

It follows immediately that

Wααα∗ = λn−1(ΣΣΣ−n,−n)U

 V̂−n

0

U⊤ααα∗ = λn−1(ΣΣΣ−n,−n)Vααα
∗.

Therefore, ααα∗ ∈ G (λn−1(ΣΣΣ−n,−n),W,V).

We proceed to give bounds for λn−1(ΣΣΣ−n,−n). From

λn−1((U−n)
⊤WU−n)In−1 ≤ (U−n)

⊤WU−n ≤ λ1((U−n)
⊤WU−n)In−1,

14 we have

λn−1

(
(U−n)

⊤WU−n

)
(V̂−n)

−1 6 ΣΣΣ−n,−n ≡ (V̂−n)
−1/2(U−n)

⊤WU−n(V̂−n)
−1/2

6 λ1

(
(U−n)

⊤WU−n

)
(V̂−n)

−1.

It follows that15

λ ≡ λn−1

(
λn−1((U−n)

⊤WU−n)(V̂−n)
−1
)
6 λn−1 (ΣΣΣ−n,−n)

6 λn−1

(
λ1((U−n)

⊤WU−n)(V̂−n)
−1
)
≡ λ.

Since (U−n)U
⊤
−n = Q, and Q is idempotent, i.e., Q2 = Q, we have

λ
(
(U−n)

⊤WU−n

)
= λ

(
WU−n(U−n)

⊤
)
= λ(WQ) = λ(QWQ),

14Here A ≥ B iff A−B is nonnegative definite.
15If A ≥ B, then the Weyl inequality implies λi(A) = λi(A−B+B) > λi(B) + λn(A−B) > λi(B), ∀i.
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where λ(·) denotes the spectrum (the set of eigenvalues) of a matrix, λ(·) denotes the set of

non-zero eigenvalues. Let wi ≡ λi(W) be the ith largest eigenvalue of matrix W, and p·i be the

orthonormal eigenvector associated with wi, let P ≡ (p·i)i∈I . Since G is irreducible, it is easy

to find that w1 = 1 has multiplicity one, and p·1 =
1√
n
1 is unique (only up to a sign). We have

p⊤
·iQWQp·j =


0 if i ̸= j

0 if i = j = 1

wi if i = j ̸= 1

,

thenP⊤QWQP = diag{0, w2, · · · , wn}, so λ((U−n)
⊤WU−n) = λ(P⊤QWQP) = {w2, · · · , wn}.

Therefore, λ1((U−n)
⊤WU−n) = λ2(W), λn−1((U−n)

⊤WU−n) = λn(W).

If λ1((U−n)
⊤WU−n) = λ2(W) > 0,

λ ≡ λn−1

[
λ1((U−n)

⊤WU−n)(V̂−n)
−1
]
= λ2(W)λn−1

(
(V̂−n)

−1
)
=
λ2(W)

λ1(V)
;

if λ2(W) < 0, λ = λ2(W)λ1((V̂−n)
−1) = λ2(W)

λn−1(V) .
16 Similarly, we have

λ ≡ λn−1

(
λn(W)(V̂−n)

−1
)
=


λn(W)
λ1(V) if λn(W) > 0

λn(W)
λn−1(V) if λn(W) < 0

.

Appendix B. Proof of Proposition 2

Let |Ŵ| ≡ diag{1, |w2|, · · · , |wn|}, y ≡ |Ŵ|
1
2P⊤ααα, where wi = λi(W) is the ith largest eigen-

value of W, p·i is its associated orthonormal eigenvector, P ≡ (p·i)i∈I .

• If wn > 0, then programs [Pv|w
min]/[P

v|w
max] are transformed into

[P
v|w
min]/[P

v|w
max] : max /min

y
y⊤|Ŵ|−

1
2P⊤VP|Ŵ|−

1
2y, s.t. : y⊤y = 1.

Since p·1 = ± 1√
n
1, V1 = 0, we can write |Ŵ|−

1
2P⊤VP|Ŵ|−

1
2 as the block-diagonal form

|Ŵ|−
1
2P⊤VP|Ŵ|−

1
2 =

 0 0⊤

0 (|Ŵ|−1)
− 1

2 (P−1)
⊤VP−1(|Ŵ|−1)

− 1
2

 ,
where |Ŵ|−1 ≡ diag{|w2|, · · · , |wn|}, P−1 ≡ (p·i)i ̸=1. Then [P

v|w
min] and [P

v|w
max] are rewrit-

ten as

[P
v|w
min]/[P

v|w
max] : max /min

y
(y−1)

⊤(|Ŵ|−1)
− 1

2 (P−1)
⊤VP−1(|Ŵ|−1)

− 1
2y−1,

s.t. : y21 + (y−1)
⊤y−1 = 1,

where y−1 ≡ (yi)i̸=1.

16For a m×m matrix A, and a scalar a, λi(aA) = aλi(A) if a > 0; and λi(aA) = aλm−i+1(A) if a < 0.
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(i) The maximum value is

Πv|wmax = λ1

(
(|Ŵ|−1)

− 1
2 (P−1)

⊤VP−1(|Ŵ|−1)
− 1

2

)
= λ1

(
P−1(|Ŵ|−1)

−1(P−1)
⊤V
)

= λ1

[(
W−1 − 1

n
11⊤

)
V

]
= λ1(W

−1V).

The corresponding optimal solution y∗ is such that y∗1 = 0, ∥y∗
−1∥ = 1 and

y∗
−1 ∈ S

(
λ1(W

−1V), (|Ŵ|−1)
− 1

2 (P−1)
⊤VP−1(|Ŵ|−1)

− 1
2

)
.

Inserting (|Ŵ|−1)
1
2 (P−1)

⊤ααα = y∗
−1 into

(|Ŵ|−1)
− 1

2 (P−1)
⊤VP−1(|Ŵ|−1)

− 1
2y∗

−1 = λ1(W
−1V)y∗

−1

yields

(P−1)
⊤Vααα = λ1(W

−1V)|Ŵ|−1(P−1)
⊤ααα.

Since y∗1 = ± 1√
n
1⊤ααα = 0, we have 1√
n
1⊤

(P−1)
⊤

Vααα = λ1(W
−1V)

 1

|Ŵ|−1

 1√
n
1⊤

(P−1)
⊤

ααα.
Hence,

Vααα = λ1(W
−1V)P|Ŵ|P⊤ααα = λ1(W

−1V)Wααα.

Therefore, the optimal intervention policy is ααα
v|w
max ∈ G (λ1(W

−1V),V,W).

(ii) The minimum value is Π
v|w
min = 0, the optimal solution is such that y∗1 = ±1, y∗

−1 = 0,

accordingly, ααα
v|w
min = ± 1√

n
1.

• If wn < 0 then programs [Pv|w
min]/[P

v|w
max] are transformed into

[P
v|w
min]/[P

v|w
max] : max /min

y
(y−1)

⊤(|Ŵ|−1)
− 1

2 (P−1)
⊤VP−1(|Ŵ|−1)

− 1
2y−1,

s.t. : (yK)
⊤yK − (y−K)⊤y−K = 1,

where K ≡ {i ∈ I : wi > 0},−K ≡ N\K = {i ∈ I : wi < 0},17 yK ≡ (yj)j∈K ,y−K ≡

(yj)j /∈K .

17Remember that wi ̸= 0, ∀i ∈ I, since W is nonsingular.
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(i) Choosing a vector y satisfying: (y1)
2 = 1 + ∥y−K∥2, ∥y−K∥ = ∞, and yj = 0, ∀j ∈

K\{1}, we have (yK)
⊤yK − (y−K)⊤y−K = y21 − ∥y−K∥2 = 1 and

Πv|wmax > (y−1)
⊤(|Ŵ|−1)

− 1
2 (P−1)

⊤VP−1(|Ŵ|−1)
− 1

2y−1 (34)

=


(y−1)

⊤(|Ŵ|−1)
− 1

2 (P−1)⊤VP−1(|Ŵ|−1)
− 1

2 y−1

(y−1)
⊤(|Ŵ|−1)

− 1
2 (P−1)⊤P−1(|Ŵ|−1)

− 1
2 y−1

× (y−1)
⊤(|Ŵ|−1)

− 1
2 (P−1)⊤P−1(|Ŵ|−1)

− 1
2 y−1

(y−1)
⊤y−1

∥y−1∥2

 (35)

> min
1⊤z=0

z⊤Vz

z⊤z
min
y−1

(y−1)
⊤(|Ŵ|−1)

−1y−1

(y−1)
⊤y−1

∥y−1∥2 (36)

= λn−1(V)
1

|w2|
∥y−1∥2 = ∞. (37)

(35) ⇒ (36) follows from z ≡ P−1(|Ŵ|−1)
− 1

2y−1⊥1 and (P−1)
⊤P−1 = In−1, (37)

follows from λn−1(V) > 0 and ∥y−1∥ = ∥y−K∥ = ∞.

(ii) Π
v|w
min = 0 is attained by choosing y∗ = e1 ≡ (1, 0 · · · , 0)⊤, or equivalently, ααα

v|w
min =

± 1√
n
1.

Appendix C. Proof of Corollary 1

Since G is a d−regular network, it is easy to find that matrices V, W and G commute in pairs.

Hence, they are simultaneously diagonalized by a common orthogonal matrix S ≡ (s·i)i∈I , where

si denotes the normalized eigenvector of G associated with λi(G), s·1 = ±1/
√
n, λ1(G) = d.

Let ΛΛΛ ≡ diag{[λi(G)]i∈I}, Ṽ ≡ S⊤VS, then we have

Ṽ = (1− λ)2S⊤
(
I− λ

d
G

)−1

Q

(
I− λ

d
G

)−1

S (38)

= (1− λ)2S⊤Q

(
I− λ

d
G

)−1(
I− λ

d
G

)−1

QS (39)

= (1− λ)2
(
S− 1√

n
1e⊤1

)⊤(
I− λ

d
G

)−2(
S− 1√

n
1e⊤1

)
(40)

= (1− λ)2S⊤
(
I− λ

d
G

)−2

S− e1e
⊤
1 (41)

= (1− λ)2
(
I− λ

d
ΛΛΛ

)−2

− e1e
⊤
1 , (42)

where ΛΛΛ ≡ diag{λi(G)i∈I}. (38) ⇒ (39) follows from the facts that Q ≡ I− 1
n11

⊤ is idempotent,

and Q and G commute, i.e., Q = Q2 and QG = GQ = G − d
n11

⊤; (39) ⇒ (40) follows from

QS = S− 1√
n
1e⊤1 ; (40) ⇒ (41) follows from

(1−λ)2√
n
e11

⊤ (I− λ
dG
)−2

S = (1−λ)2√
n

S⊤ (I− λ
dG
)−2

1e⊤1 = e1e
⊤
1 ,

(1− λ)2 1
ne11

⊤ (I− λ
dG
)−2

1e⊤1 = e1e
⊤
1 .

37



Diagonal matrix V̂ is obtained by replacing the zero element in Ṽ with one, i.e., V̂ = (1 −

λ)2
(
I− λ

dΛΛΛ
)−2

.18 We thus have

W = S

I− 1

λ

[
I− (1− λ)

(
I− λ

d
ΛΛΛ

)−1
]2S⊤

ΣΣΣ = V̂
− 1

2S⊤WSV̂
− 1

2 =
1

(1− λ)2

(
I− λ

d
ΛΛΛ

)2
I− 1

λ

[
I− (1− λ)

(
I− λ

d
ΛΛΛ

)−1
]2 ,

W−1V = S

I− 1

λ

[
I− (1− λ)

(
I− λ

d
ΛΛΛ

)−1
]2

−1 [
(1− λ)2

(
I− λ

d
ΛΛΛ

)−2

− e1e
⊤
1

]
S⊤.

Then,

λn−1(ΣΣΣ−n,−n) = min
i̸=1

ψ(λi(G)), λ1(W
−1V) = max

i ̸=1

1

ψ(λi(G))

where

ψ(x) ≡ 1

(1− λ)2

(
1− λx

d

)2
1− 1

λ

[
1− (1− λ)

(
1− λx

d

)−1
]2 =

d2 − λx2

d2(1− λ)
.

Since |λi(G)| 6 d,∀i ∈ I, the least eigenvalue ofW is positive, i.e., λn(W) = mini∈I w(λi(G)) >

0, where

w(x) ≡ 1− 1

λ

[
1− (1− λ)

(
1− λ

d
x

)−1
]2

=
(1− λ)(d2 − λx2)

(d− λx)2
.

From Propositions 1 and 2, we have: Π
w|v
min = λn−1(ΣΣΣ−n,−n), Π

v|w
max = λ1(W

−1V).

• if λ2(G) + λn(G) > 0,

Π
w|v
min = λn−1(ΣΣΣ−n,−n) = min

i ̸=1
ψ(λi(G)) = ψ(λ2(G)),

Πv|wmax = λ1(W
−1V) = max

i̸=1

1

ψ(λi(G))
=

1

ψ(λ2(G))
.

The optimal interventions ααα
w|v
min and ααα

v|w
max are both within the second eigenspace:

ααα
w|v
min ∈ S (λ2(G),G),αααv|wmax ∈ S (λ2(G),G).

• if λ2(G) + λn(G) < 0,

Π
w|v
min = ψ(λn(G)),Πv|wmax =

1

ψ(λn(G))
.

The optimal interventionsααα
w|v
min andααα

v|w
max are both within the least eigenspace S (λn(G),G).

18Here, the diagonal elements of V̂ is not necessarily in descending order as defined in Appendix A.
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Appendix D. Proof of Proposition 3

Let wi = λi(W) be the ith eigenvalue of matrix W, among which 1 = w̃1 > · · · > w̃m are m

distinct values, Si ≡ {j ∈ I : wj = w̃i}, ni ≡ #Si, Ŵ ≡ diag{1, w1, · · · , wn}, P ≡ (p·i)i∈I ,

Pi ≡ (p·j)j∈Si , p·i is the orthonormal eigenvector associated with wi. Since G is connected, by

the Perron-Frobenius theorem, we have S1 = {1}, n1 = 1 and P1 = p·1 = ±1/
√
n.

Using orthogonal transformations α̂αα ≡ P⊤ααα and α̂αα0 ≡ P⊤ααα0, we rewrite the original problem

[Pu] as:

max
α̂αα∈Rn

α̂αα⊤Ŵα̂αα, s.t. : ∥α̂αα− α̂αα0∥ 6 C. (43)

The corresponding Lagrangian with multiplier µ is

L (α̂αα, µ) = α̂αα⊤Ŵα̂αα+ µ
[
C2 − (α̂αα− α̂αα0)⊤(α̂αα− α̂αα0)

]
.

Taking our observation that the constraint is binding at the optimum together with the standard

results on the Karush-Kuhn-Tucker conditions, we write the first and second order conditions

holding with a positive µ as:

∂L

∂α̂i
= 2

[
wiα̂i − µ

(
α̂i − α̂0

i

)]
= 0, ∀i ∈ I, (44)

∂2L

∂α̂2
i

= 2(wi − µ) 6 0, ∀i ∈ I. (45)

There are now three cases to consider.

(i) If |α̂0
1| =

√
n|ᾱ0| ̸= 0, (44) implies µ∗ ̸= w1. Then

α̂∗
i =

µ∗α̂0
i

µ∗ − wi
, ∀i ∈ I (46)

holds with a nonzero denominator. Since∥∥∥ProjS (w̃i,W)ααα
0
∥∥∥2 = (ααα0)⊤PiP

⊤
i ααα

0 =
∑
j∈Si

(α̂0
j )

2,

the Lagrangian multiplier µ∗ is pinned down by

∥α̂αα∗ − α̂αα0∥ =

√√√√ n∑
i=1

(
wiα̂0

i

µ∗ − wi

)2

=

√√√√√ m∑
i=1

 w̃i
∥∥∥ProjS (w̃i,W)ααα

0
∥∥∥

µ∗ − w̃i

2

= C. (47)

From (46), we get

p⊤
·i (ααα

∗ −ααα0) = α̂∗
i − α̂0

i =
wi

µ∗ − wi
α̂0
i =

wi
µ∗ − wi

p⊤
·iααα

0,

then

cos⟨p·i,ααα
∗ −ααα0⟩ = ∥ααα0∥

C

wi
µ∗ − wi

cos⟨p·i,ααα
0⟩, ∀i ∈ I.
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It follows that

Cos⟨ααα∗ −ααα0,S (w̃i,W)⟩ = cos
⟨
ααα∗ −ααα0,ProjS (w̃i,W)(ααα

∗ −ααα0)
⟩

= cos
⟨
ααα∗ −ααα0,PiP

⊤
i

(
ααα∗ −ααα0

)⟩
=

√√√√∑
j∈Si

(
p⊤
·j (ααα

∗ −ααα0)

∥ααα∗ −ααα0∥

)2

=

√∑
j∈Si

cos2⟨ααα∗ −ααα0,p·j⟩

=
∥ααα0∥
C

|w̃i|
µ∗ − w̃i

Cos⟨ααα0,S (w̃i,W)⟩, ∀i = 1, · · ·m. (48)

The optimal value attained is

Wmax =

n∑
i=1

wi(α̂i)
2 =

n∑
i=1

wi

(
µ∗α̂0

i

µ∗ − wi

)2

=

m∑
i=1

w̃i

µ∗
∥∥∥ProjS (w̃i,W)ααα

0
∥∥∥

µ∗ − w̃i

2

.

(ii) If |α̂0
1| =

√
n|ᾱ0| = 0, and

C 6 C∗ ≡

√√√√∑
i̸=1

(
w̃i

1− w̃i

)2 ∥∥∥ProjS (w̃i,W)ααα
0
∥∥∥2,

we have

α̂∗
1 = 0, α̂∗

i =
µ∗α̂0

i

µ∗ − wi
,∀i > 2, (49)

where µ∗ > 1 is determined by

C =

√√√√∑
i̸=1

(
w̃i

µ− w̃i

)2 ∥∥∥ProjS (w̃i,W)ααα
0
∥∥∥2. (50)

From (49), we get (ααα∗ −ααα0)⊥1 and

Cos⟨ααα∗ −ααα0,S (w̃i,W)⟩ = w̃i
µ∗ − w̃i

∥ααα0∥
C

Cos⟨ααα0,S (w̃i,W)⟩, ∀i ̸= 1. (51)

The optimal value attained is

Wmax =
n∑
i=1

wi(α̂i)
2 =

m∑
i=2

w̃i

µ∗
∥∥∥ProjS (w̃i,W)ααα

0
∥∥∥

µ∗ − w̃i

2

.

(iii) If |α̂0
1| =

√
n|ᾱ0| = 0, and C > C∗, we have µ∗ = w1 = 1, |α̂∗

1| =
√
C2 − (C∗)2, and

α̂∗
i =

α̂0
i

1− wi
, ∀i ̸= 1. (52)
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In analogy to the derivation of (48), (52) implies

Cos⟨ααα∗ −ααα0,S (w̃i,W)⟩ = w̃i
1− w̃i

∥ααα0∥
C

Cos⟨ααα0,S (w̃i,W)⟩, ∀i ̸= 1. (53)

From |α̂∗
1| =

√
C2 − (C∗)2, we get

Cos⟨ααα∗ −ααα0,S (w̃1,W)⟩ = |α̂∗
1|
C

=

√
C2 − (C∗)2

C2
. (54)

The maximum valued attained is

Wmax =

n∑
i=1

wi(α̂i)
2 = C2 − (C∗)2 +

m∑
i=2

w̃i


∥∥∥ProjS (w̃i,W)ααα

0
∥∥∥

1− w̃i

2

.

Appendix E: Proof of Corollary 2

• (47) (resp. (50)) implies µ∗ → ∞ as C → 0 when ᾱ0 ̸= 0 (resp.ᾱ0 = 0), then

lim
C→0

cos
⟨
ααα∗ −ααα0,p·j

⟩
= lim

C→0
cos
⟨
α̂αα∗ − α̂αα0, ej

⟩
= lim

µ→∞

wj α̂
0
j

µ−wj√∑n
i=1

(
wiα̂0

i
µ−wi

)2 =
wjα̂

0
j√∑n

i=1

(
wiα̂0

i

)2 , ∀j. (55)

It follows that: as C → 0, P⊤(ααα∗ − ααα0) ∝ Ŵα̂αα0 = P⊤WPP⊤ααα0 = P⊤Wααα0, therefore

limC→0

⟨
ααα∗ −ααα0,Wααα0

⟩
= 0.

• If |α̂0
1| ̸= 0, (47) implies µ∗ → w̃1 = 1 as C → ∞, then we get limC→∞Cos⟨ααα∗ −

ααα0,S (w̃1,W )⟩ = 1, and limC→∞Cos⟨ααα∗ − ααα0,S (w̃i,W )⟩ = 0, ∀i ̸= 1 from (48). When

|α̂0
1| = 0, we also have limC→∞Cos⟨ααα∗ − ααα0,S (w̃1,W )⟩ = 1, and limC→∞Cos⟨ααα∗ −

ααα0,S (w̃i,W )⟩ = 0, ∀i ̸= 1 from (53) and (54).

Appendix F. Proof of Proposition 4

• First, we discuss the case with C < D(ααα0,S (ν̃r,V)) =
√
(ααα0)⊤Qααα0 =

√
(n− 1)Var(ααα0),

where S (ν̃r,V) ≡ {x|x ∝ 1} denotes the eigenspace associated with ν̃r = 0, D(·, ·) denotes

the point-to-space distance. Under transformations α̃αα ≡ U⊤ααα and α̃αα0 ≡ U⊤ααα0, the original

problem [Pe] is rewritten as

min
α̃αα∈Rn

α̃αα⊤Ṽα̃αα, s.t. : ∥α̃αα− α̃αα0∥ 6 C, (56)

where U ≡ (u·i), Ṽ ≡ diag{ν1, · · · , νn}, νi and u·i are the ith eigenvalue and its corre-

sponding eigenvector of matrix V. Let ν̃1 > · · · > ν̃r = 0 denotes r distinct eigenvalues,
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Ti ≡ {j ∈ I : νj = ν̃i} is the set of indexes associated with ν̃i. The corresponding

Lagrangian with multiplier µ is

L (α̃αα, µ) = α̃αα⊤Ṽα̃αα+ µ
[
C2 − (α̃αα− α̃αα0)⊤(α̃αα− α̃αα0)

]
.

Taking our observation that the constraint is binding at the optimum, we have the first

and second order conditions holding with a negative µ:

∂L

∂α̃i
= 2

[
νiα̃i − µ

(
α̃i − α̃0

i

)]
= 0,∀i ∈ I,

∂2L

∂α̃2
i

= 2(νi − µ) > 0, ∀i ∈ I.

Hence, the optimal solution α̃αα† and the Lagrange multiplier µ† satisfies

α̃†
i =

µα̃0
i

µ−νi , ∀i, ν1 > · · · > νn−1 > νn = 0 > µ, (57)

∥α̃αα† − α̃αα0∥ =

√∑n
i=1

(
νiα̃0

i

µ†−νi

)2
= C. (58)

Substituting νj = ν̃i, ∀j ∈ Ti and
∑

j∈Ti(α̃
0
j )

2 = ∥ProjS (ν̃i,V)ααα
0∥2 into (58), we obtain√√√√√ r∑

i=1

 ν̃i
∥∥∥ProjS (ν̃i,V)ααα

0
∥∥∥

µ† − ν̃i

2

= C. (59)

(57) implies α̃†
i − α̃0

i =
νiα̃

0
i

µ−νi . It follows that

cos
⟨
ααα† −ααα0,u·i

⟩
=

νi
µ† − νi

∥ααα0∥
C

cos
⟨
ααα0,u·i

⟩
,∀i = 1, · · · , n. (60)

Since
∑

j∈Ti cos
2 ⟨x,u·i⟩ = Cos2 ⟨x,S (ν̃i,V)⟩ , ∀x and νj = ν̃i, ∀j ∈ Ti, (60) implies

Cos
⟨
ααα† −ααα0,S (ν̃i,V)

⟩
=

ν̃i
µ† − ν̃i

∥ααα0∥
C

Cos
⟨
ααα0,S (ν̃i,V)

⟩
, ∀i = 1, · · · , r. (61)

The minimum value attained is

Vmin =

n∑
i=1

νiα̃
2
i =

n∑
i=1

νi

[
µ†(u⊤

·iααα
0)

µ† − νi

]2
=

r∑
i=1

ν̃i

[
µ†∥ProjS (ν̃i,V)ααα

0∥
µ† − ν̃i

]2
.

• If C > D(ααα0,S (ν̃r,V)) =
√

(n− 1)Var(ααα0), then O(ααα0, C)∩S (ν̃r,V) ̸= ∅. We can thus

obtain a minimum Vmin = 0 by choosing an arbitrary ααα† ∈ O(ααα0, C) ∩ S (λ̃r,V).

• (58) suggests µ→ −∞ as C → 0. Therefore, we have

lim
C→0

cos
⟨
ααα† −ααα0,u·j

⟩
= lim

C→0
cos
⟨
α̃αα† − α̃αα0, ej

⟩
= lim

µ→−∞

νj α̃
0
j

µ−νj√∑n
i=1

(
νiα̃0

i
µ−νi

)2 = −
νjα̃

0
j√∑n

i=1

(
νiα̃0

i

)2 , ∀j, (62)
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where ej is the jth standard base vector of space Rn. (62) implies limC→0U
⊤(ααα† −

ααα0) ∝ −ṼU⊤ααα0, then we have limC→0(ααα
† − ααα0) ∝ −UṼU⊤ααα0 = −Vααα0. That is,

limC→0

⟨
ααα† −ααα0,−Vααα0

⟩
= 0.

Appendix G. Proof of Proposition 5

• W ∗(C), W s(C) and W t(C) are represented as

W ∗(C) =

n∑
i=1

wi(α̂
∗
i )

2 =

n∑
i=1

wi

(
µα̂0

i

µ− wi

)2

=

m∑
i=1

w̃i

µ
∥∥∥ProjS (w̃i,W)ααα

0
∥∥∥

µ− w̃i

2

,

W t(C) =

(
ααα0 + C

Wααα0

∥Wααα0∥

)⊤
W

(
ααα0 + C

Wααα0

∥Wααα0∥

)
,

W s(C) = w1

(
|α̂0

1|+ C(µ)
)2

+
∑
ℓ ̸=1

wℓ(α̂
0
ℓ )

2

=
(∥∥∥ProjS (w̃1,W)ααα

0
∥∥∥+ C(µ)

)2
+

m∑
j=2

w̃j

∥∥∥ProjS (w̃j ,W)ααα
0
∥∥∥2

where

C(µ) ≡

√√√√ n∑
i=1

(
wiα̂0

i

µ− wi

)2

=

√√√√√ m∑
j=1

 w̃j
∥∥∥ProjS (w̃j ,W)ααα

0
∥∥∥

µ− w̃j

2

.

The Taylor expansion of ∆s
w(C(µ),ααα

0) ≡W ∗(C(µ))−W s(C(µ)) around µ = w1 = w̃1 = 1

is

∆s
w(C(µ),ααα

0) =


m∑
j=2

(w̃j∥ProjS (w̃j ,W)ααα
0∥)2

1− w̃j
−

m∑
j=2

(w̃j∥ProjS (w̃j ,W)ααα
0∥)2

(1− w̃j)2
(µ− 1)

+o(µ− 1)

 .

Therefore,

∆s
w(∞,ααα0) = lim

µ→1
∆s
w(C(µ),ααα

0) =

m∑
j=2

w̃2
j

∥∥∥ProjS (w̃i,W)ααα
0
∥∥∥2

1− w̃j
,

Since
m∑
i=2

∥∥∥ProjS (w̃i,W)ααα
0
∥∥∥2 = (ααα0)⊤Q(ααα0) = (n− 1)Var(ααα0) = (n− 1)ξ, we have

(n− 1)ξw̃2
i∗

1− w̃i∗
6 ∆s

w(∞,ααα0) 6 (n− 1)ξw̃2
i∗

1− w̃i∗
,

where i∗ = argmaxj ̸=1
w̃2

j

1−w̃j
, i∗ = argminj ̸=1

w̃2
j

1−w̃j
. ∆s

w(∞,ααα0) achieves its maximum

(n−1)ξw̃2
i∗

1−w̃i∗
at ααα0 ∈ S (w̃i∗ ,W), and its minimum

(n−1)ξw̃2
i∗

1−w̃i∗
at ααα0 ∈ S (w̃i∗ ,W).
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• If ααα0 ∈ S (w̃i,W) for some i, we have ∥ProjS (w̃i,W)ααα
0∥ = ∥ααα0∥, ∥ProjS (w̃j ,W)ααα

0∥ =

0,∀j ̸= i, and C = |w̃i|∥ααα0∥
µ∗−w̃i

. Hence,

W ∗(C) = w̃i

(
µ∗∥ααα0∥
µ∗ − w̃i

)2

,

W t(C) =

(
ααα0 +

Cw̃iααα
0

|w̃i|∥ααα0∥

)⊤
W

(
ααα0 +

Cw̃iααα
0

|w̃i|∥ααα0∥

)
= w̃i

(
µ∗∥ααα0∥
µ∗ − w̃i

)2

.

Therefore,

∆t
w(C,ααα

0) ≡W ∗(C)−W t(C) = 0, ∀ααα0 ∈
m∪
i=1

S (w̃i,W). (63)

Next, we discuss the case with ααα0 ̸∈ S (w̃i,W),∀i. Differentiating W ∗(C) and W t(C)

with respect to C yields:

dW ∗(C)

dC
=

dW ∗(C)/dµ

dC/dµ
= 2µ

√√√√ n∑
i=1

(
wiα̂0

i

µ− wi

)2

dW t(C)

dC
= 2

(ααα0)⊤W2

∥Wααα0∥

(
ααα0 + C

Wααα0

∥Wααα0∥

)

d2W ∗(C)

dC2
=

d
dµ

dW ∗(C)
dC

dC/dµ
= 2

µ−

∑n
i=1

(
wiα̂

0
i

µ−wi

)2
∑n

i=1
(wiα̂0

i )
2

(µ−wi)3

 = 2

∑n
i=1

w3
i (α̂

0
i )

2

(µ−wi)3∑n
i=1

(wiα̂0
i )

2

(µ−wi)3

d2W t(C)

dC2
= 2

(ααα0)⊤W3ααα0

(ααα0)⊤W2ααα0

d3W ∗(C)

dC3
=

d
dµ

d2W ∗(C)
dC2

dC/dµ
=

6

√∑n
i=1

(
wiα̂0

i
µ−wi

)21−
∑n

i=1

(wiα̂
0
i )

2

(µ−wi)
4

∑n
i=1

(wiα̂
0
i )

2

(µ−wi)
2[∑n

i=1

(wiα̂
0
i
)2

(µ−wi)
3

]2
∑n

i=1
(wiα̂0

i )
2

(µ−wi)3

dkW t(C)

dCk
= 0, ∀k > 3.
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∆t
w(0,ααα

0) = lim
µ→∞

n∑
i=1

(
µα̂0

i

µ− wi

)2

wi − (ααα0)⊤Wααα0 = (α̂αα0)⊤Ŵα̂αα0 − (ααα0)⊤Wααα0 = 0,

∂∆t
w(0,ααα

0)

∂C
= lim

µ→∞
2µ

√√√√ n∑
i=1

(
wiα̂0

i

µ− wi

)2

− 2

√
(ααα0)⊤W2ααα0 = 0,

∂2∆t
w(0,ααα)

∂C2
= lim

µ→∞
2

∑n
i=1

w3
i (α̂

0
i )

2

(µ−wi)3∑n
i=1

(wiα̂0
i )

2

(µ−wi)3

− 2(ααα0)⊤W3ααα0

(ααα0)⊤W2ααα0
= 0,

∂3∆t
w(0,ααα

0)

∂C3
= lim

µ→∞

6

√∑n
i=1

(
wiα̂0

i
µ−wi

)2 1− ∑n
i=1

(wiα̂
0
i )

2

(µ−wi)
4

∑n
i=1

(wiα̂
0
i )

2

(µ−wi)
2[∑n

i=1

(wiα̂
0
i
)2

(µ−wi)
3

]2


−
∑n

i=1
(wiα̂0

i )
2

(µ−wi)3

,

=
6
∑n

i=1

∑n
j=1(α̂

0
i α̂

0
jwiwj)

2(wi − wj)
2[∑n

i=1(wiα̂
0
i )

2
]5/2 (64)

=
12
[(∑n

i=1w
4
i (α̂

0
i )

2
) (∑n

i=1(wiα̂
0
i )

2
)
−
(∑n

i=1w
3
i (α̂

0
i )

2
)2]

[∑n
i=1(wiα̂

0
i )

2
] 5
2

(65)

=
12
[
∥Wααα0∥2∥W2ααα0∥2 − ∥W3/2ααα0∥4

]
∥Wααα0∥5

. (66)

(64) ⇒ (65) follows from

n∑
i=1

n∑
j=1

(α̂0
i α̂

0
jwiwj)

2(wi − wj)
2

=
n∑
i=1

n∑
j=1

(α̂0
i α̂

0
j )

2w4
iw

2
j +

n∑
i=1

n∑
j=1

(α̂0
i α̂

0
j )

2w2
iw

4
j − 2

n∑
i=1

n∑
j=1

(α̂0
i α̂

0
j )

2w3
iw

3
j

= 2

n∑
i=1

(
α̂0
iw

2
i

)2 n∑
j=1

(
α̂0
j

)2
w2
j −

(
n∑
i=1

(α̂0
i )

2w3
i

)2

.

(65) ⇒ (66) follows from

n∑
i=1

w4
i (α̂

0
i )

2 =

n∑
i=1

(ααα0)⊤p·iw
4
i p

⊤
·iααα

0 = (ααα0)⊤W4ααα0 =
∥∥W2ααα0

∥∥2 ,
n∑
i=1

w2
i (α̂

0
i )

2 =

n∑
i=1

(ααα0)⊤p·iw
2
i p

⊤
·iααα

0 = (ααα0)⊤W2ααα0 =
∥∥Wααα0

∥∥2 ,
n∑
i=1

w3
i (α̂

0
i )

2 =
n∑
i=1

(ααα0)⊤p·iw
3
i p

⊤
·iααα

0 = (ααα0)⊤W3ααα0 =
∥∥∥W 3

2ααα0
∥∥∥2 .

Taylor expansion of ∆t
w(C,ααα

0) around zero is

∆t
w(C,ααα

0) =
12
[
∥Wααα0∥2∥W2ααα0∥2 − ∥W3/2ααα0∥4

]
∥Wααα0∥5

C3+o(C3), ∀ααα0 /∈
m∪
i=1

S (w̃i,W). (67)
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• The optimal value and its tangent approximation attained in problem [Pe] are

V ∗(C) =

n∑
i=1

νi

(
µ†α̃0

i

µ† − νi

)2

=

r∑
i=1

ν̃i

(
µ†∥ProjS (ν̃i,V)ααα

0∥
µ† − ν̃i

)2

,

V t(C) =

(
ααα0 − C

∥Vααα0∥
Vααα0

)⊤
V

(
ααα0 − C

∥Vααα0∥
Vααα0

)
,

where

√∑r
i=1

(
ν̃i∥ProjS (ν̃i,V)ααα

0∥
µ†−ν̃i

)2
= C. In analogy to (63) and (67), we have

∆t
v(C,ααα

0) ≡ V t(C)− V ∗(C)

=

 0 if ααα0 ∈
∪r
i=1 S (ν̃i,V)

12[∥Vααα0∥2∥V2ααα0∥2−∥V3/2ααα0∥4]
∥Vααα0∥5 C3 + o(C3), if ααα0 /∈

∪r
i=1 S (ν̃i,V)

.

Appendix H. Proof of Proposition 6

• If C > Ct ≡ D(ααα0,⊕t
i=1G (γ̃i,W,H−1)), then ⊕t

i=1G (γ̃i,W,H−1) ∩ O(ααα0, C) ̸= ∅, where

O(ααα0, C) ≡ {ααα : ∥ααα−ααα0∥ 6 C} denotes a sphere of radius C, centered at ααα0. An arbitrary

ααα ∈ ⊕t
i=1G (γ̃i,W,H−1) ∩ O(ααα0, C) can be decomposed uniquely as ααα =

∑t
i=1ααα

i, where

αααi ∈ G (γ̃i,W,H−1), ∀i. It follows that

[αααi]⊤W[αααj ] =

 γ̃i[ααα
i]⊤H−1[αααi] if i = j

0 if i ̸= j
.

Hence,

R∗(C) > ααα⊤Wααα

ααα⊤H−1ααα
=

∑t
i=1 γ̃i[ααα

i]⊤H−1[αααi]∑t
i=1[ααα

i]⊤H−1[αααi]
∈ [γ̃t, γ̃1].

In particular, if C > C1 ≡ D(ααα0,G (γ̃1,W,H−1)), R∗(C) = γ̃1 = 1.

• We next discuss the case with C < C1. Notice that in [Pr], only the direction of ααα matters.

Without loss of generality, we can scale up ααα on a elliptical surface and optimize within a

region {α̃αα : α̃αα⊤H−1α̃αα = 1, ∃ααα ∈ O(ααα0, C),∋ ααα ∝ α̃αα}. This region can be regarded as the

shadow region on elliptical surface α̃αα⊤H−1α̃αα = 1, in which all light rays emitting towards

the origin are blocked by sphere O(ααα0, C). Therefore, we can confine our searching within

the intersection of an elliptical surface ααα⊤H−1ααα = 1 and a conical surface cos⟨α̃αα,ααα0⟩ =√
∥ααα0∥2−C2

∥ααα0∥ . The original problem [Pr] is therefore transformed into

[Pr] : max
α̃αα

α̃αα⊤Wα̃αα, s.t. : α̃αα⊤H−1α̃αα 6 1, α̃αα⊤ααα0 >
√

∥ααα0∥2 − C2∥α̃αα∥. (68)

With multipliers λ and µ, we can write the Lagrangian as:

L (α̃αα, λ, µ) = α̃αα⊤Wα̃αα+ λ(1− α̃αα⊤H−1α̃αα) + µ
(
α̃αα⊤ααα0 −

√
∥ααα0∥2 − C2

√
α̃αα⊤α̃αα

)
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Following the first order condition

Lα̃αα = 2Wα̃αα− 2λH−1α̃αα+ µα̃αα− µ

√
∥ααα0∥2 − C2

∥α̃αα∥2
α̃αα = 0

and using simplified notations

ξ ≡ 2λ

µ
√
ϕ
, η ≡ 2

µ
√
ϕ
, ϕ ≡ ∥ααα0∥2 − C2

∥α̃αα∥2
,∆(C) ≡

[
I+ ξ(C)H−1 − η(C)W

]−1
,

we obtain

α̃αα(C) =
1√
ϕ(C)

∆(C)ααα0, (69)

R∗(C) =
1

ϕ(C)
(ααα0)⊤∆(C)W∆(C)(ααα0). (70)

Functions (ξ(C), η(C), ϕ(C)) ∈ R3
+ are determined by equations

ϕ =
[
ααα0
]⊤

∆(C)H−1∆(C)
[
ααα0
]
, (71)[

ααα0
]⊤

∆(C)
[
ααα0
]

= ∥ααα0∥2 − C2, (72)[
ααα0
]⊤

[∆(C)]2
[
ααα0
]

= ∥ααα0∥2 − C2, (73)

which are implied by

[α̃αα]⊤H−1α̃αα = 1, (ααα0)⊤α̃αα =
√

∥ααα0∥2 − C2∥α̃αα∥, and ϕ∥α̃αα∥2 = ∥ααα0∥2 − C2.

Accordingly, the optimal solution to the original problem [Pr] is obtained by regressing

ααα0 on α̃αα:

αααr(C) = α̃αα(r)
[
α̃αα⊤(r)α̃αα(r)

]−1
α̃αα⊤(r)ααα0 = ∆(C)ααα0. (74)

Appendix I. Proof of Proposition 7

Evaluating (72) and (73) at C = 0, we have ξ(0) = η(0) = 0, and thus ∆(0) = I. Differentiating

(72) and (73) with respect to C in consecutive orders yields:

[
ααα0
]⊤

∆(k)(C)
[
ααα0
]
=


−2C k = 1

−2 k = 2

0 k > 3

, (75)

[
ααα0
]⊤ [

∆2(C)
](k) [

ααα0
]
=
[
ααα0
]⊤ k∑

s=0

Csk∆
(s)(C)∆(k−s)(C)

[
ααα0
]
=


−2C k = 1

−2 k = 2

0 k > 3

. (76)
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Evaluating (75) and (76) at C = 0 and k = 2, 3, we have

[
ααα0
]⊤

∆′′(0)(ααα0) = −2,[
ααα0
]⊤

∆(3)(0)(ααα0) = 0,

2
[
ααα0
]⊤

∆(0)∆′′(0)(ααα0) + 2
[
ααα0
]⊤

[∆′(0)]2(ααα0) = −2,

6
[
ααα0
]⊤

∆′(0)∆′′(0)(ααα0) + 2
[
ααα0
]⊤

∆(0)[∆(3)(0)](ααα0) = 0.

It follows that

∥∆′(0)ααα0∥2 = (ααα0)⊤[∆′(0)]2(ααα0) = 1, (77)

and

(ααα0)⊤∆′(0)∆′′(0)(ααα0) = 0. (78)

So, the tangent intervention is

αααt(C) = ααα0 +
dαααr(0)/dC

∥dαααr(0)/dC∥
C =

[
I+∆′(0)

]
ααα0. (79)

(ααα0)⊤∆′(0)(ααα0) = 0 implies the proportionality condition

η′(0)

(ααα0)⊤H−1ααα0
=

ξ′(0)

(ααα0)⊤Wααα0
(80)

and thus ∆′(0)ααα0 is computed as:

∆′(0)ααα0 =
[
η′(0)W− ξ′(0)H−1

]
ααα0 =

(
(ααα0)⊤H−1(ααα0)W− (ααα0)⊤W(ααα0)H−1

)
ααα0

∥
(
(ααα0)⊤H−1(ααα0)W− (ααα0)⊤W(ααα0)H−1

)
ααα0∥

. (81)

Expanding αααr(C), to the cubic term, around zero yields

αααr(C) =

[
I+∆′(0)C +

1

2
∆′′(0)C2 +

1

6
∆(3)(0)C3 + o(C3)

]
ααα0. (82)

Using (79) and (82), we have

[αααr(C)]⊤W[αααr(C)] =

 (ααα0)⊤W(ααα0) + 2(ααα0)⊤∆′(0)W(ααα0)C

+(ααα0)⊤ [∆′(0)W∆′(0) + ∆′′(0)W] (ααα0)C2

+ o(C2),

[αααr(C)]⊤H−1 [αααr(C)] =

 (ααα0)⊤H−1(ααα0) + 2(ααα0)⊤∆′(0)H−1(ααα0)C

+(ααα0)⊤
[
∆′(0)H−1∆′(0) + ∆′′(0)H−1

]
(ααα0)C2

+ o(C2),

[
αααt(C)

]⊤
W
[
αααt(C)

]
=

 (ααα0)⊤W(ααα0) + 2(ααα0)⊤∆′(0)W(ααα0)C

+(ααα0)⊤∆′(0)W∆′(0)(ααα0)C2

 ,
[
αααt(C)

]⊤
H−1

[
αααt(C)

]
=

 (ααα0)⊤H−1(ααα0) + 2(ααα0)⊤∆′(0)H−1(ααα0)C

+(ααα0)⊤∆′(0)H−1∆′(0)(ααα0)C2

 .
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Hence, the error of tangent approximation is

∆Rt(C) ≡ R∗(C)−Rt(C)

=
[αααr(C)]⊤W[αααr(C)]

[αααr(C)]⊤H−1[αααr(C)]
− [αααt(C)]⊤W[αααt(C)]

[αααt(C)]⊤H−1[αααt(C)]

=
ρ(C)

[αααr(C)]⊤H−1[αααr(C)]× [αααt(C)]⊤H−1[αααt(C)]
,

where

ρ(C) ≡
[
[αααr(C)]⊤W[αααr(C)] · [αααt(C)]⊤H−1[αααt(C)]− [αααr(C)]⊤H−1[αααr(C)] · [αααt(C)]⊤W[αααt(C)]

]
=

[
(ααα0)⊤∆′′(0)W(ααα0) · (ααα0)⊤H−1(ααα0)− (ααα0)⊤∆′′(0)H−1(ααα0) · (ααα0)⊤W(ααα0)

]
C2 + o(C2).

The coefficient of C2 in ρ(C) is

(ααα0)⊤∆′′(0)W(ααα0)× (ααα0)⊤H−1(ααα0)− (ααα0)⊤∆′′(0)H−1(ααα0)× (ααα0)⊤W(ααα0)

=
1

t
(ααα0)⊤∆′′(0)

(
η′(0)W− ξ′(0)H−1

)
ααα0 =

1

t
(ααα0)⊤∆′′(0)∆′(0)ααα0 = 0,

where t ≡ η′(0)/(ααα0)⊤H−1ααα0 = ξ′(0)/(ααα0)⊤Wααα0, the last equality follows from (78). As a

result, ∆Rt(C) = o(C2).

Appendix J. Proof of Proposition 8

• First, we show that matrices W and H commute, i.e., WH = HW. It is obvious for a

regular network G ∈ R. Next, we show this result holds for a complete bipartite network.

If G ∈ Kp,q, we have

G =

 0 1p1
⊤
q

1q1
⊤
p 0

 and Ĝ =

 0 1
q1p1

⊤
q

1
p1q1

⊤
p 0

 ,
where 1s denotes an s−dimensional all-ones vector.

M̂ = (1− λ)

 Ip −λ
q 1p1

⊤
q

−λ
p1q1

⊤
p Iq

−1

(83)

= (1− λ)

 λ2

pq1p1
⊤
q

(
Iq − λ2

q 1q1
⊤
q

)−1
1q1

⊤
p −λ

q 1p1
⊤
q

(
Iq − λ2

q 1q1
⊤
q

)−1

−λ
p

(
Iq − λ2

q 1q1
⊤
q

)−1
1q1

⊤
p

(
Iq − λ2

q 1q1
⊤
q

)−1

 (84)

= (1− λ)

 Ip +
λ2

p(1−λ2)1p1
⊤
p

λ
q(1−λ2)1p1

⊤
q

λ
p(1−λ2)1q1

⊤
p Iq +

λ2

q(1−λ2)1q1
⊤
q

 , (85)
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where Is denotes the s×s identity matrix, (83) ⇒ (84) follows from the partitioned inverse

formula of square matrix,19 (84) ⇒ (85) follows from(
Iq −

λ2

q
1q1

⊤
q

)−1

= Iq +
λ2

q(1− λ2)
1q1

⊤
q ,

which is implied by the Sherman-Morrison formula.20 Then we have (I− M̂)⊤(I− M̂) =

λ2I+A and (I− Ĝ)⊤(I− Ĝ) = I+B, where

A ≡

 α1p1
⊤
p β1p1

⊤
q

β1q1
⊤
p γ1q1

⊤
q

 ,B ≡

 a1p1
⊤
p b1p1

⊤
q

b1q1
⊤
p c1q1

⊤
q

 ,
α ≡ λ2[q−pλ(2+λ)]

p2(1+λ)2
;β ≡ − (p+q)λ2

pq(1+λ)2
; γ ≡ λ2[p−qλ(2+λ)]

q2(1+λ)2
; a ≡ q

p2
, b ≡ −p+q

pq , c ≡
p
q2
. Since

AB =

 (αap+ βbq)1p1
⊤
p (αbp+ βcq)1p1

⊤
q

(aβp+ bγq)1q1
⊤
p (βbp+ γcq)1q1

⊤
q

 ,
BA =

 (αap+ βbq)1p1
⊤
p (aβp+ bγq)1p1

⊤
q

(αbp+ βcq)1q1
⊤
p (βbp+ γcq)1q1

⊤
q

 ,
and αbp + βcq = aβp + bγq =

−(p+q)λ2[p2+q2−λpq(2+λ)]
p2q2(1+λ)2

, we have AB = BA. So (I −

M̂)⊤(I− M̂) and (I− Ĝ)⊤(I− Ĝ), and thus W and H commute.

• Since symmetric matrices W and H commute, they can be simultaneously diagonalized

by a common orthogonal matrix S ≡ (s·j)j∈I , the jth column s·j is an orthonormal eigen-

vector, corresponding to γj , the jth eigenvalue of ΓΓΓ ≡ H1/2WH1/2.21 We denote by

Γ̂ΓΓ ≡ S⊤ΓΓΓS = diag{γ1, · · · , γn}, Ĥ ≡ S⊤HS. With transformations z ≡ S⊤H−1/2ααα and

19If an n× n matrix ΣΣΣ is partitioned as

ΣΣΣ =

 ΣΣΣ11 ΣΣΣ12

ΣΣΣ21 ΣΣΣ22


and ΣΣΣ11 is nonsingular, where ΣΣΣij ∈ Rni×nj , n1 + n2 = n, then we have

ΣΣΣ−1 =

 ΣΣΣ−1
11 +ΣΣΣ−1

11 ΣΣΣ12ΣΣΣ
−1
22.1ΣΣΣ21ΣΣΣ

−1
11 −ΣΣΣ−1

11 ΣΣΣ12ΣΣΣ
−1
22.1

−ΣΣΣ−1
22.1ΣΣΣ21ΣΣΣ

−1
11 ΣΣΣ−1

22.1

 .

20Suppose A ∈ Rn×n is a nonsingular matrix, u and v are n−dimensional column vectors, 1 + v⊤A−1u ̸= 0,

then we have

(A+ uv⊤)−1 = A−1 − A−1uv⊤A−1

1 + v⊤A−1u
.

21If G ∈ R, matrices G,W and H are simultaneously diagonalizable. Matrices S and S (see Appendix C)

consist of the same set of column vectors, but their orderings are not necessarily the same.
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z0 ≡ S⊤H−1/2ααα0, the original problem [Pr] is rewritten as

[Pr] : max
z

z⊤Γ̂ΓΓz

z⊤z
, s.t. : (z− z0)⊤Ĥ(z− z0) 6 C2. (86)

Since ααα0 ∈ ⊕t
i=1G (γ̃i,W,H−1), we have z0 ≡ S⊤H−1/2ααα0 = (z0j )j∈I ∈ ⊕t

i=1S (γ̃i, Γ̂ΓΓ) by

Lemma 4. That is, z0j = 0, ∀j /∈ K ≡ ∪ti=1Ni. Problem [Pr] is then transformed into:

max
z
φ(z), s.t. :

(
zK − z0K

)⊤
ĤK,K

(
zK − z0K

)
6 C2 − z⊤−KĤ−K,−Kz−K , (87)

where φ(z) ≡ z⊤Γ̂ΓΓz/z⊤z, notations xI and AI,J represent I−subvector of vector x and

(I, J)−block of matrix A.

Suppose that the optimal solution z∗ to (87) satisfies z∗ℓ ̸= 0 for some ℓ ∈ I\K. Construct

a vector z̃ ≡ (z̃j)j∈I as:

z̃j =

 z∗j ∀j ∈ K

0 ∀j /∈ K
.

Then z̃ satisfies constraint in (87):

(
z̃K − z0K

)⊤
ĤK,K

(
z̃K − z0K

)
=

(
z∗K − z0K

)⊤
ĤK,K

(
z∗K − z0K

)
6 C2 − (z∗−K)

⊤Ĥ−K,−Kz
∗
−K

< C2 = C2 − z̃⊤−KĤ−K,−K z̃−K .

Since ∥z∗−K∥ > |z∗ℓ | > 0, we have

φ(z̃)− φ(z∗) =
(z∗K)

⊤Γ̂ΓΓK,Kz∗K
∥z∗K∥2

−
(z∗K)

⊤Γ̂ΓΓK,Kz∗K + (z∗−K)
⊤Γ̂ΓΓ−K,−Kz

∗
−K

∥z∗K∥2 + ∥z∗−K∥2

=
∥z∗−K∥2

∥z∗K∥2 + ∥z∗−K∥2

(z
∗
K)

⊤Γ̂ΓΓK,Kz∗K
(z∗K)⊤z∗K︸ ︷︷ ︸

= a⃝

−
(z∗−K)⊤Γ̂ΓΓ−K,−Kz

∗
−K

(z∗−K)⊤z∗−K︸ ︷︷ ︸
= b⃝

 > 0.

The last inequality follows from a⃝ > min16i6t γ̃i > b⃝. This contradicts the fact that z∗

is the optimal solution. Therefore, we have z∗j = 0, ∀j ∈ I\K. That is, z∗ ∈ ⊕t
i=1S (γ̃i, Γ̂ΓΓ).

By Lemma 4, we have αααr(C) = H1/2Sz∗ ∈ ⊕t
i=1G (γ̃i,W,H−1).

Lemma 4 ααα ∈ ⊕t
i=1G (γ̃i,W,H−1) if and only if z ≡ S⊤H−1/2ααα ∈ ⊕t

i=1S (γ̃i,ΓΓΓ).

Proof. (i) ααα ∈ ⊕t
i=1G (γ̃i,W,H−1) implies ααα =

∑t
i=1ααα

i,αααi ∈ G (γ̃i,W,H−1), i.e., Wαααi =

γ̃iH
−1αααi. It follows that Γ̂ΓΓS⊤H−1/2αααi = γ̃iS⊤H−1/2αααi, then S⊤H−1/2αααi ∈ S (γ̃i, Γ̂ΓΓ). As a

result, z ≡ S⊤H−1/2ααα =
∑t

i=1 S⊤H
−1/2αααi ∈ ⊕t

i=1S (γ̃i, Γ̂ΓΓ). (ii) Conversely, if z ≡ S⊤H−1/2ααα ∈
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⊕t
i=1S (γ̃i, Γ̂ΓΓ). It can be decomposed uniquely as z =

∑t
i=1 S⊤H

−1/2αααi, S⊤H−1/2αααi ∈ S (γ̃i, Γ̂ΓΓ),

i.e., Γ̂ΓΓS⊤H−1/2αααi = γ̃iS⊤H−1/2αααi. It follows that Wαααi = γ̃iH
−1αααi, then αααi ∈ G (γ̃i,W,H−1).

As a result, ααα ≡
∑t

i=1ααα
i ∈ ⊕t

i=1G (γ̃i,W,H−1).

Appendix K. Proof of Lemma 1

Any x ∈ [Nℓ(G)∩Nr(G)]⊕{x|x ∝ 1} can be decomposed as x = x1+x2, with Ĝx1 = Ĝ
⊤
x1 = 0

and x2 ∝ 1. Hence, M̂x1 = M̂
⊤
x1 = (1 − λ)x1. It follows that Wx1 = H−1x1 = (1 − λ)x1,

and Wx2 = H−1x2 = x2. So we have Wx = H−1x,∀λ ∈ (0, 1). That is,

[Nℓ(G) ∩ Nr(G)]⊕ {x|x ∝ 1} ⊆
∩

λ∈(0,1)

G (1,W(λ),H−1(λ)). (88)

Expanding matrix functions W(λ) and H−1(λ) around zero yields:

W(λ) = I−
(
I− Ĝ

)⊤ ∞∑
s=1

∑
p+q=s−1

(
Ĝ

⊤)p (
Ĝ
)q (

I− Ĝ
)
λs

H−1(λ) = I−
(
I− Ĝ

)⊤ ∞∑
s=1

(
Ĝ

⊤
+ Ĝ− Ĝ

⊤
Ĝ
)s−1 (

I− Ĝ
)
λs

Hence,

x⊤ [H−1(λ)−W(λ)
]
x =

∥∥∥(I− Ĝ)Ĝx
∥∥∥2 λ2 + o(λ2).

If x /∈ Nr(G) ⊕ {x|x ∝ 1}, we have ∥(I − Ĝ)Ĝx∥ > 0, then x⊤ [H−1(λ)−W(λ)
]
x > 0, and

thus x /∈ G (1,W(λ),H−1(λ)) whenever λ is close to zero. It follow that∩
λ∈(0,1)

G
(
1,W(λ),H−1(λ)

)
⊆ Nr(G)⊕ {x|x ∝ 1} . (89)

The proof is completed.

Appendix L. Proof of Lemma 2

First, we show that

Nℓ(Ĝ) = Nr(Ĝ) = N(G) ≡ {x|Gx = 0} (90)

for G ∈ R ∪Kp1,··· ,ps . It is obvious for G ∈ R. If G ∈ Kp1,··· ,ps , the adjacency matrices G and

Ĝ are

G =


Op1 1p11

⊤
p2 · · · 1p11

⊤
ps

· · · · · · · · · · · ·

1ps1
⊤
p1 1ps1

⊤
p2 · · · Ops


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and

Ĝ =


Op1

1
n−p11p11

⊤
p2 · · · 1

n−p11p11
⊤
ps

· · · · · · · · · · · ·
1

n−ps1ps1
⊤
p1

1
n−ps1ps1

⊤
p2 · · · Ops

 ,
where Op denotes a p× p all-zeros matrix, 1q is a q−dimensional all-ones vector. Suppose that

x =


x1

...

xs

 ∈ Nr(G),

{xj}sj=1 denote s consecutive pj−subvectors of x. Ĝx = 0 implies

1

n− pi

∑
j ̸=i

δj = 0, ∀i = 1, · · · , s, (91)

where δj ≡ 1⊤pjxj . It follows that δi = 0, ∀i, then

Gx =

∑
j ̸=i

δj1pi

s

i=1

= 0, Ĝ
⊤
x =

∑
j ̸=i

δj
n− pj

1pi

s

i=1

= 0.

Conversely, if Ĝ
⊤
x = 0, then

∑
j ̸=i

δj
n−pj = 0, ∀i = 1, · · · , s. This implies δj = 0, ∀j. So

Ĝx = Gx = 0. As a result, Nℓ(Ĝ) = Nr(Ĝ) = N(G). It follows directly from Lemma 1 that∩
λ∈(0,1)

G (1,W(λ),H−1(λ)) = N(G)⊕ {x |x ∝ 1} , ∀G ∈ R ∪ Kp1,··· ,ps .

Appendix M. Proof of Proposition 8

Following Lemmas 1 and 2, we have:

D

ααα0,
∩

λ∈(0,1)

G (1,W(λ),H−1(λ))


=

∥∥∥ααα0 − ProjS (0,G)⊕{x|x∝1}ααα
0
∥∥∥

=

√√√√√(ααα0)⊤

I− s·1s⊤·1 −
∑
j∈N0

s·js⊤·j

 (ααα0)

=

√
(n− 1)Var(ααα0)−

∥∥∥ProjS (0,G)ααα
0
∥∥∥2

> D
(
ααα0,G (1,W(λ),H−1(λ))

)
, ∀λ ∈ (0, 1), ∀G ∈ R ∪ Kp1,··· ,ps ,

where s·j is the orthonormal eigenvector associated with the jth eigenvalue of G, s·1 = ± 1√
n
1,

N0 ≡ {j|λj(G) = 0}. As a result, if C >
√

(n− 1)Var(ααα0)− ∥ProjS (0,G)ααα
0∥2, we have
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O(ααα0, C) ∩ G
(
1,W(λ),H−1(λ)

)
̸= ∅, ∀λ ∈ (0, 1), then the first-best value in the relative in-

tervention problem R∗(C, λ) = 1 is guaranteed.

Appendix N. Proof of Proposition 10

Let D̂ ≡ diag
{
d̄1, · · · , d̄n

}
, d̄i ≡ di/

∑n
i=1 di. For vectors x,y ∈ Rn, we define ⟨x,y⟩

D̂
≡ x⊤

D̂y,

it is the Euclidean inner product weighted by the vertex degrees of network G. It is immediate

that

⟨Ĝx,y⟩
D̂
= ⟨x, Ĝy⟩

D̂
=

1∑n
i=1 di

x⊤Gy, ∀x,y ∈ Rn.

So Ĝ is a self-adjoint operator relative to inner product ⟨·, ·⟩
D̂
. Therefore Ĝ is diagonalizable,

and there is a basis of eigenvectors orthogonal to each other under ⟨·, ·⟩
D̂
. That is, there exists

a matrix U ≡ (u·i)i∈I such that U−1ĜU = diag{λ1, λ2, · · · , λn}, and U⊤
D̂U = I. Since G is a

connected graph, by Perron-Frobenius Theorem, we have 1 = λ1 > λ2 > · · · > λn and u·1 = ±1.

Then we have

M̂ = UΛ̂ΛΛ(λ)U⊤
D̂ = 11⊤D̂+ (1− λ)U−1Λ̂ΛΛ−1(λ)(U−1)

⊤
D̂, (92)

where U−1 ≡ (u·j)j ̸=1,

Λ̂ΛΛ(λ) ≡


1

1
1−λλ2

. . .

1
1−λλn

 , Λ̂ΛΛ−1(λ) ≡


1

1−λλ2
. . .

1
1−λλn

 .

As λ → 1, M̂ → 11⊤D̂ = 1d̄
⊤
, where d̄ ≡ (d̄1, · · · , d̄n)⊤. The limit of aggregate social

welfare is

WN (1,ααα,G) = lim
λ→1

1

2
ααα⊤
[
I− 1

λ
(I− M̂)⊤(I− M̂)

]
ααα =

n

2

[
ᾱ2 − (ᾱ− ᾱd)

2
]
, (93)

where ᾱd ≡ ααα⊤d̄ is the degree-weighted average of αis. Therefore, the class of socially optimal

networks is O(1,ααα, I) = argmaxG∈G (I)W
N (1,ααα,G) = argminG∈G (I)(ᾱ − ᾱd)

2. Since ᾱ =

ᾱd, ∀G ∈ R(I), we find that a regular network is socially optimal, i.e., R(I) ⊆ O(1,ααα, I), ∀ααα ∈

Rn.

The limit of individual equilibrium payoff is

uNi (1,ααα,G) = lim
λ→1

1

2
ααα⊤
[
eie

⊤
i − 1

λ
(I− M̂)⊤eie

⊤
i (I− M̂)

]
ααα =

1

2

[
α2
i − (αi − ᾱd)

2
]
. (94)

An agent i’s most preferred network class is Oi(1,ααα, I) = argminG∈G (I)(αi − ᾱd)
2. Let S(i, I)

denotes the class of star networks centered at node i, Ī(ααα) ≡ {i ∈ I : αi = ᾱ} be the set of

median players. We have the following results:
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• If ααα ∝ 1, then αi = ᾱ = ᾱd, ∀i ∈ I, ∀G ∈ G (I), both the planner and agents feel indifferent

among all possible networks. Therefore, Oi(1,ααα, I) = O(1,ααα, I) = G (I), ∀i ∈ I.

• If ααα ̸∝ 1, then I\Ī(ααα) ̸= ∅. For ∀i ∈ I\Ī(ααα), we have

|αi − ᾱd| =

∣∣∣∣∣∣αi −
1

2
αi +

1

2(n− 1)

∑
j ̸=i

αj

∣∣∣∣∣∣ = n|αi − ᾱ|
2(n− 1)

< |αi − ᾱ|, ∀G ∈ S(i, I).

So, any non-median voter i strictly prefers S(i, I) to networks within O(1,ααα, I). The

socially optimal network class O(1,ααα, I) is therefore not top-ranked among i’s preference

profile, i.e., O(1,ααα, I)∩Oi(1,ααα, I) = ∅,∀i ∈ I\Ī(ααα). For i ∈ Ī(ααα) (if Ī(ααα) ̸= ∅), O(1,ααα, I) =

Oi(1,ααα, I) trivially holds.

Appendix O. Proof of Proposition 11

Suppose there exists a new link (i′, j′) ∈ P(1,ααα,G), then

∆u
[+i′j′]
i (1,ααα,G) ≡ uNi (1,ααα,G

[+i′j′])− uNi (1,ααα,G)

=
1

2
(αi − ᾱd)

2 − 1

2

(
αi −

∑n
i=1 diᾱd + αi′ + αj′∑n

i=1 di + 2

)2

=
1

2

(
αi′ + αj′ − 2ᾱd∑n

i=1 di + 2

)[
2(αi − ᾱd) +

2ᾱd − αi′ − αj′∑n
i=1 di + 2

]
> 0, ∀i ∈ I,

strict inequality holds for at least one j ∈ I. Therefore, the d̄i−weighted average of ∆u
[+i′j′]
i (1,ααα,G)

is ∑n
i=1 di∆u

[+i′j′]
i (1,ααα,G)∑n
i=1 di

= −1

2

(
αi′ + αj′ − 2ᾱd∑n

i=1 di + 2

)2

> 0,

a contradiction. Therefore, we have P(1,ααα,G) = ∅, ∀G ∈ G (I).

Appendix P. Proof of Lemma 3

Let Eij = (ei, ej) and Eji = (ej , ei), then G+ij = G+EijE
⊤
ji,

Ĝ
[+ij]

= diag

{
1

d1
, · · · , 1

di + 1
, · · · , 1

dj + 1
, · · · , 1

dn

}
G+ij

=

D−1 +Eij

 1
di

− 1
di+1 0

0 1
dj

− 1
dj+1

E⊤
ij

(G+EijE
⊤
ji

)
= Ĝ+Eij∆∆∆ij ,

55



where

∆∆∆ij ≡

 1
di+1 0

0 1
dj+1

E⊤
ji −

 1
di

− 1
di+1 0

0 1
dj

− 1
dj+1

E⊤
ijG.

Applying the Binomial formula for matrix, we get(
Ĝ

[+ij]
)s

=
(
Ĝ+Eij∆∆∆ij

)s
=

∑
(ℓ1,··· ,ℓs)∈{0,1}s

s∏
t=1

Ĝ
ℓt
(Eij∆∆∆ij)

1−ℓt . (95)

• Case I. dis((i, j), k,G) = s > 1. Condition dis((i, j), k,G) = s implies g
[τ ]
ki = g

[τ ]
kj =

0,∀τ 6 s− 1. So e⊤k Ĝ
τ
Eij = (ĝ

[τ ]
ki , ĝ

[τ ]
kj ) = (0, 0),∀τ 6 s− 1.22 (95) implies

A
[+ij]
k,t ≡ e⊤k (Ĝ

[+ij]
)tααα = e⊤k Ĝ

t
ααα ≡ Ak,t, ∀t 6 s, (96)

A
[+ij]
k,s+1 ≡ e⊤k (Ĝ

[+ij]
)s+1ααα

= e⊤k Ĝ
s
(Ĝ+Eij∆∆∆ij)ααα

= Ak,s+1 + e⊤k Ĝ
s
Eij∆∆∆ij

= Ak,s+1 + ĝ
[s]
ki

αj − ᾱi
di + 1

+ ĝ
[s]
kj

αi − ᾱj
dj + 1

. (97)

Substituting the power-series M̂ = (1− λ)
∑∞

k=0 Ĝ
k
into

uNk (λ,ααα,G) =
1

2

α2
k −

1

λ

αk − n∑
j=1

m̂kjαj

2
then expanding uNk (λ,ααα,G) around zero yields:

uNk (λ,ααα,G) =
1

2

α2
k −

1

λ

αk − (1− λ)e⊤k

∞∑
q=0

λqĜ
q
ααα

2
=

A2
k,0

2
− 1

2

∞∑
q=0

∑
s+t=q
06s,t6q

(Ak,s −Ak,s+1)(Ak,t −Ak,t+1)λ
q+1. (98)

In analogy, we have

uNk (λ,ααα,G
[+ij]) =

(
A

[+ij]
k,0

)2
2

− 1

2

∞∑
q=0

∑
s+t=q
06s,t6q

(
A

[+ij]
k,s −A

[+ij]
k,s+1

)(
A

[+ij]
k,t −A

[+ij]
k,t+1

)
λq+1.

(99)

22Notice that for any pair p, q, ĝ
[τ ]
p,q = 0 if and only if g

[τ ]
p,q = 0. If ĝ

[τ ]
p,q =

∑
i1,··· ,iτ−1

∏τ−1
k=0 ĝik,ik+1 =∑

i1,··· ,iτ−1

∏τ−1
k=0

1
dik

gik,ik+1 = 0 where i0 = p, iτ = q, then
∏τ−1

k=0 gik,ik+1 = 0, for any sequence {ik}τ−1
k=1. It

follows that g
[τ ]
p,q =

∑
i1,··· ,iτ−1

∏τ−1
k=0 gik,ik+1 = 0. Conversely, if g

[τ ]
p,q = 0, then ĝ

[τ ]
p,q = 0.

56



From (96), we find that the constant terms, and the coefficients of λℓ, in (98) and (99) are

identical for ℓ 6 s. We have

∆u
[+ij]
k (λ,ααα,G) =

 (Ak,0 −Ak,1) (Ak,s −Ak,s+1)

−
(
A

[+ij]
k,0 −A

[+ij]
k,1

)(
A

[+ij]
k,s −A

[+ij]
k,s+1

)
λs+1 + o(λs+1)

= (Ak,0 −Ak,1)
(
A

[+ij]
k,s+1 −Ak,s+1

)
λs+1 + o(λs+1) (100)

= (αk − ᾱk)

(
ĝ
[s]
ki

αj − ᾱi
1 + di

+ ĝ
[s]
kj

αi − ᾱj
1 + dj

)
λs+1 + o(λs+1), (101)

(100) ⇒ (101) follows from Ak,0 = αk, Ak,1 = e⊤k Ĝααα = ᾱk, and (97).

• Case II. dis((i, j), k,G) = 0. In this case, k ∈ {i, j}, then we have

∆u
[+ij]
k (λ,ααα,G) =

1

2

[
(Ak,0 −Ak,1)

2 −
(
A

[+ij]
k,0 −A

[+ij]
k,1

)2]
λ+ o(λ). (102)

Inserting Ak,0 = A
[+ij]
k,0 = αk, Ak,1 = ᾱk, A

[+ij]
k,1 = e⊤k Ĝ

+ij
ααα = diᾱi

di+1 +
αj

di+1 into (102), we

get:

∆u
[+ij]
i (λ,ααα,G) =

λ(αj − ᾱi)

2(di + 1)

[
2αi −

(
1 +

di
di + 1

)
ᾱi −

αj
di + 1

]
+ o(λ), (103)

∆u
[+ij]
j (λ,ααα,G) =

λ(αi − ᾱj)

2(dj + 1)

[
2αj −

(
1 +

dj
dj + 1

)
ᾱj −

αi
dj + 1

]
+ o(λ). (104)

Appendix Q: Proof of Proposition 12

For an arbitrary (i, j) ∈ Ec and k /∈ {i, j}, (101) implies that ∆u
[+ij]
k (λ,ααα,G) = o(λ). So

∆u
[+ij]
k (λ,ααα,G) > −ϵλ holds for an arbitrary ϵ > 0, whenever λ is sufficiently close to zero.

(103) and (104) shows that ∆u
[+ij]
i (λ,ααα,G) > −ϵλ and ∆u

[+ij]
j (λ,ααα,G) > −ϵλ hold for an

arbitrary ϵ > 0 and sufficiently small λ, provided that the following conditions are met:

(αj − ᾱi)
[
2αi −

(
1 + di

di+1

)
ᾱi − αj

di+1

]
> 0, (105)

(αi − ᾱj)
[
2αj −

(
1 +

dj
dj+1

)
ᾱj − αi

dj+1

]
> 0. (106)
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[4] Belhaj, M., Bervoets, S., and Deröıan, F., (2016), “Efficient networks in games with local

complementarities,” Theoretical Economics, 11, 357–380.

[5] Bimpikis, K., A. Ozdaglar, and E. Yildiz (2016), “Competitive targeted advertising over

networks,” Operations Research, 64, 705–720.

[6] Bloch, F., Jackson, M., and Tebaldi, P., (2021), “Centrality measures in networks,” Avail-

able at SSRN: https://ssrn.com/abstract=2749124.

[7] Bloch, F. and N. Quérou (2013), “Pricing in social networks,” Games and Economic Be-

haviour, 80, 243–261.

[8] Blume, L., Brock, W., Durlauf, S., and Jayaraman, R., (2015), “Linear social interactions

models,” Journal of Political Economy, 123, 444–496.

[9] Boucher, V. (2016), “Conformism and self-selection in social networks,” Journal of Public

Economics, 136, 30–44.

[10] Candogan, O., Bimpikis, K., Ozdaglar, A., (2012), “Optimal pricing in networks with

externalities,” Operations Research, 60, 883–905
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